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t^j- ■ We propose a reformulation of Yang-Mills theory as a perturbative deformation 

of a novel topological (quantum) field theory. We prove that this reformulation of 
the four- dimensional QCD leads to quark confinement in the sense of area law of the 
Wilson loop. First, Yang-Mills theory with a non-Abelian gauge group G is refor- 
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mulated as a deformation of a novel topological field theory. Next, a special class 
of topological field theories is defined by both BRST and anti-BRST exact action 
corresponding to the maximal Abelian gauge leaving the maximal torus group H of 
G invariant. Then we find the topological field theory (D > 2) has a hidden super- 
symmetry for a choice of maximal Abelian gauge. As a result, the D-dimensional 
topological field theory is equivalent to the (D-2)-dimensional coset G/H non- linear 
sigma model in the sense of Parisi and Sourlas dimensional reduction. After maxi- 
mal Abelian gauge fixing, the topological property of magnetic monopole and anti- 
monopole of four-dimensional Yang-Mills theory is translated into that of instanton 
and anti-instanton in two-dimensional equivalent model. It is shown that the lin- 
ear static potential in four-dimensions follows from the instanton-anti-instanton gas 
in the equivalent two-dimensional non-linear sigma model obtained from the four- 
dimensional topological field theory by dimensional reduction, while the remaining 
Coulomb potential comes from the perturbative part in four-dimensional Yang-Mills 
theory. The dimensional reduction opens a path for applying various exact methods 
developed in two-dimensional quantum field theory to study the non-perturbative 
problem in low-energy physics of four-dimensional quantum field theories. 
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1 Introduction and main results 



In particle physics, perturbation theory is applicable if the coupling constant as an 
expansion parameter is small in the energy region considered. This is assured in high 
energy ultraviolet region of quantum chromodynamics (QCD) where the effective 
coupling constant is small due to asymptotic freedom JI]. On the other hand, in 
the infrared regime of QCD where the effective coupling is expected to be large, the 
perturbation theory loses its validity. The quark confinement is regarded as a typical 
example of indicating the difficulty of treating strongly coupled gauge theories. The 
conventional perturbation theory deals with the small deviation from the trivial gauge 
field configuration A^ = which is a minimum of the action S. 

In the last decade, various evidences about Abelian dominance and magnetic 
monopole dominance in the low energy physics of QCD have been accumulated based 
on Monte Carlo simulation of lattice QCD initiated by the work [[J, see e.g. for 
a review. This urges us to reconsider if there may exist any perturbation theory 
appropriate for QCD with the expansion parameter being small even in the infrared 
region. There the expansion must be performed about the non-trivial gauge field 
configuration A^ ^ other than the trivial one A^ = 0. In gauge field theories, we 
know that there are soliton solutions called vortex magnetic monopole |J and 
instanton [H, 17]]. They are candidates for such a non-trivial field configuration. 

We know a few examples that such expansions around non-trivial field configura- 
tion successfully have led to the resolution of strong coupling problem. An example 
is a proof of quark confinement by Polyakov || in three-dimensional compact U(l) 
gauge theory and three-dimensional compact quantum electrodynamics (QED) in 
Georgi-Glashow model with a gauge group SU{2). He considered the non-trivial 
minimum Q,^ of the action given by the instanton (pseudoparticle). The field A^ 
is decomposed into + and is considered as quantum fluctuation around 
Q^. The integral over is Gaussian and is exactly integrated out. The result is 
written as the sum over all possible configurations of instanton and anti-instantons. 
In three-dimensional case, instanton (resp. anti-instanton) is given by the magnetic 
monopole (resp. anti-monopole). Moreover, Seiberg and Witten M have shown that 
in the four-dimensional N = 2 supersymmetric gauge theories, the non-perturbative 
contributions come only from magnetic monopole or instanton in the prepotential 
which exactly determines the low-energy effective Abelian gauge theory. These ex- 
amples show that the quark confinement is caused by the condensation of magnetic 
monopoles. 

Recently, it has been tried to reformulate the Yang-Mills (YM) theory as a de- 
formation of a topological (quantum) field theory [JTD, TT|, abbreviated T(Q)FT 



hereafter. The BF theory |j| as a TFT can be regarded as a zero-coupling limit of 



YM theory [13], [14|, pL5| . A similar idea was proposed recently by Abe and Nakanishi 
[]13[ where two-dimensional BF theory is essentially equivalent to the zeroth-order 
approximation to YM theory in their framework of the newly proposed method of 
solving quantum field theory. In higher dimension, however, the limit is singular due 
to the fact that the gauge symmetry in BF theory is larger than that in YM theory. 
In a couple of years, considerable progress has been made to assure that the YM 
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theory can be obtained as a deformation (perturbation) of the topological BF theory 



by Fucito, Martellini and Zeni [15|. This reformulation is the first order formula- 



tion of YM theory, called the BFYM theory [JT5], |T7|]. They have checked the area 
law behaviour for the Wilson loop average and computed the string tension. In this 
formalism area law arises in a very simple geometrical fashion, as an higher linking 
number between loop and surface. 

In this paper, we reconsider the YM theory from a topological point of view. First 
we reformulate the YM theory as a deformation of a novel TFT. This is equivalent 
to say that the YM theory is described as a perturbation around the non-trivial field 
configuration given by the TFT. This formulation of YM theory will be suitable for 
describing the low energy region of YM theory, because the topological property does 
not depend on the details of the short distance behavior of the theory and depends 
only on the global structure of the theory. In order for such a description to be 
successful, the TFT must include the most essential or dominant degrees of freedom 
for describing the low energy physics in question. The monopole dominance is a hint 
for searching an appropriate TFT. The TFT we propose in this paper is different 



from the conventional TFT's of Witten type |10| or Schwarz type Witten type 
TFT starts from the gauge fixing condition of self-duality, 

corresponding to the instanton configuration in four-dimensional YM theory ||. The 
total action can be written as Becchi-Rouet-Stora-Tyupin (BRST) transformation 8 b 
of some functional V composed of the fields and their ghosts, 

Stot = [QB,V} = 5 B V. (1.2) 

On the other hand, Schwarz type TFT has a non-trivial classical action S c i which is 
metric independent (hence topological) with non-trivial gauge fixing. For example, 
BF theory and Chern-Simons theory belong to this type, 

Stat = S d + [Q B , V'} = S d + 8 B V. (1.3) 

Our TFT tries to incorporate the magnetic monopole degrees of freedom as an es- 
sential degrees of freedom for low-energy physics. For this, we use the the maximal 
Abelian gauge (MAG). In MAG, we find that the action is written in the form, 

S tot = 5 B S B 0, (1.4) 



using the anti-BRST transformation 5b |R 

In a previous paper [O, we have proved that the dual superconductor picture 



of quark confinement in QCD (proposed by Nambu, 'tHooft and Mandelstam [IS, 
[20| , |2~1| ) can be derived from QCD without any specific assumption. In order to 
realize the dual superconductor vacuum of QCD, we need to take the MAG. MAG 
is an example of Abelian projection proposed by 'tHooft [p0[| . The basic idea of 
Abelian projection is that the off-diagonal non-Abelian parts are made as small as 
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possible. Imposing MAG, the gauge degrees of freedom corresponding to G/H is 
fixed and the residual gauge invariance for the maximal torus group H of the gauge 
group G remains unbroken. Under MAG, it is expected that the off-diagonal gluons 
(belonging to G/H) become massive and the low energy physics of QCD is described 
by the diagonal Abelian part (belonging to H) alone. All the off-diagonal fields 
transform as charged fields under the residual Abelian gauge symmetry H and are 



expected to be massive. It is shown [17| that an Abelian-projected effective gauge 



theory (APEGT) of QCD is obtained by integrating out all the massive degrees of 
freedom in the sense of Wilsonian renormalization group (RG) f22[. Therefore the 
resulting APEGT for G = SU(2) is written in terms of the Abelian field variables 
only. In fact, the APEGT obtained in the previous paper is written in terms of 
the maximal Abelian U(l) gauge field a M , the dual Abelian gauge field and the 
magnetic monopole current which couples to b^. This theory is an interpolating 
theory in the sense that it gives two dual descriptions of the same physics, say, quark 
confinement. APEGT tells us that the dual theory which is more suitable in the 
strong coupling region is given by the dual Ginzburg-Landau (GL) theory, i.e., dual 
Abelian gauge Higgs model [|J. That is to say, monopole condensation provides the 
mass rrib for the dual gauge field and leads to the linear or confining static potential 
between quarks and the non-zero string tension a is given by a ~ m| . APEGT is 
regarded as a low-energy effective theory of QCD in the distance scale R > m~ A x with 
rriA being the non-zero mass of the off-diagonal gluons. Consequently, the Abelian 
dominance p3|, [24]] in the physics in the long distance R> R c := m~ A x will be realized 
in APEGT. Quite recent simulation by Amemiya and Suganuma |25] shows that the 
propagator of the off-diagonal charged gluon behaves as the massive gauge boson 
and provides the short-range interaction, while the diagonal gluon propagates long 
distance. For SU(2) YM theory, they obtain rriA — 0.9 GeV corresponding to the 
R c = 4.5fm. In fact, the massiveness of off-diagonal gluons is analytically derived as 
a byproduct in this paper. 

In our formulation of YM theory, the non-perturbative treatment of YM theory 
in the low-energy region can be reduced to that of the TFT in the sense that any per- 
turbation from the TFT does not change essentially the result on low-energy physics 
obtained from the TFT. So we can hope that the essential contribution for quark 
confinement is derived from the TFT alone. In light of monopole dominance, the 
TFT should be constructed such that the monopole degrees of freedom are included 
as the most dominant topological configuration in the TFT. If quark confinement is 
proved based on the TFT, the monopole dominance will be naturally understood by 
this construction of the TFT. Furthermore, this will shed light on a possible connec- 
tion with the instanton configuration which is the only possible topological nontrivial 
configuration in four-dimensional Euclidean YM theory without partial gauge fixing. 

The purpose of this paper is to prove quark confinement within the reformulation 
of the four- dimensional QCD based on the criterion of area law for the Wilson loop 
[p6[ (see section 6). Here the Wilson loop is taken to be planar and diagonal [] in the 
maximal torus group H (as taken by Polyakov |§). Although actual calculations are 

1 The full non- Abelian Wilson loop will be treated in a subsequent paper p7|, see Discussion. 
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presented only for the SU(2) case, out strategy of proving quark confinement is also 
applicable to SU(N) case and more generally to arbitrary compact Lie group. 

This paper is organized as follows. In section 2, the TFT is constructed from a 
gauge-fixing and Faddeev-Popov term. The action is written as a BRST exact form 
according to the standard procedure of BRST formalism. In other words, the TFT 
is written as a BRST transformation of a functional of the field variables including 
ghosts. Here we take the MAG as a gauge fixing condition. Then the MAG fixes the 
coset G/H of the gauge group G and leaves the maximal torus subgroup H unbroken. 
Consequently, YM theory is reformulated as a (perturbative) fluctuation around the 
non-trivial topological configuration given by TFT. 

In section 3, it is shown that a version of MAG allows us to write the TFT in the 
form ( p..4[ ) which is both BRST and anti-BRST exact. This version of TFT is called 
the MAG TFT hereafter. We find that the MAG TFT has a hidden supersymmetry 
(SUSY) based on the superspace formulation |^8L [Jl], [3T], of BRST invariant 



theories |33|, |34]]. The hidden SUSY plays the quite remarkable role in the next section. 



In section 4, it turns out that this choice of MAG leads to the dimensional reduc- 
tion in the sense of Parisi and Sourlas (PS) ||28|| . Consequently the D-dimensional 
MAG TFT is reduced to the equivalent (D — 2)-dimensional coset G/H nonlinear 
sigma model (NLSM). This means the equivalence of the partition function in two 
theories. Furthermore, the PS dimensional reduction tells us that the calculation 
of correlation functions in D-dimensional TFT can be performed in the equivalent 
(D — 2)-dimensional model if the arguments Xi lie on a certain (D — 2)-dimensional 
subspace, because the correlation function coincides with the same correlation func- 
tion calculated in the (D — 2)-dimensional equivalent model defined on the subspace 
on which Xi lies, 

(\\Fi(. x i)) MAGTFTd = (W^i( x i))G/HNLSM D ^ 2 - (1-^) 

i i 

In section 5, we study concretely the case of G = 577(2) YM theory in 4 dimen- 
sions. In this case, H = U(l) and the equivalent dimensionally reduced model is given 
by the two-dimensional 0(3) NLSM. The two-dimensional NLSM on group manifolds 
or the principal chiral model is exactly solvable ||, 0, gj| gg, ffl], g2], |3], g|, 



45|, [46|]. Therefore, the four-dimensional MAG TFT defined in this paper is exactly 



solvable. It is known that the two-dimensional 0(3) NLSM is renormalizable and 



asymptotic free |47|, [48| . Moreover, it has instanton solution as a topological soliton 
P3| , [5U| , |5T| , |^2] , |53"|j . Instanton is a finite action solution of the field equation and 
obtained as a solution of self-duality equation. The instanton (resp. anti-instanton) 
solution is given by the holomorphic (resp. anti-holomorphic) function. 

We show that the instanton (resp. anti-instanton) configuration in two-dimensional 
0(3) NLSM can be identified with the magnetic monopole (resp. anti-monopole) con- 
figuration in higher-dimensions. Furthermore, the instanton (resp. anti-instanton) 
configuration in two dimensions is considered as the projection of instanton (resp. 
anti-instanton) solution of four-dimensional YM theory on the two-dimensional plane 
through the dimensional reduction. From this observation, we can see intimate con- 
nection between magnetic monopole and instanton. In principle, the gluon prop- 
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agator is calculable according to the exact treatment of 0(3) NLSM. In the 0(3) 
NLSM, dynamical mass generation occurs and the correlation length becomes finite 
and all the excitations are massive |46||. This shows that the off-diagonal gluons 



are massive, 7^ 0. The mass is non-perturbatively generated and behaves as 
rriA ~ exp(— 47r 2 /g 2 ). 

In section 6, the planar diagonal Wilson loop in 4-dimensional SU(2) MAG TFT is 
calculated in the two-dimensional equivalent model by making use of the dimensional 



reduction. Actual calculation is done in the dilute-instanton-gas approximation [54 



56|| in two dimensions. This is very similar to the calculation of the Wilson 



loop in the Abelian Higgs model in two dimensions |57|, [58|]. We can pursue this 
analogy further using the CP 1 formulation of the 0(3) NLSM. In CP 1 formulation, 
the residual U(l) symmetry is manifest and we can introduce the U(l) gauge field 
coupled to two complex scalar fields, whereas in the NLSM, the U(l) gauge invariance 
is hidden, since the field variable 11(2;) is gauge invariant. The CP 1 formulation 
indicates the correspondence of the TFT to the GL theory. As a result, existence 
of topological non-trivial configuration corresponding to the magnetic monopole and 
anti-monopole in YM theory in MAG is sufficient to prove quark confinement in the 
sense of area law of the diagonal Wilson loop. 

In the end of 1970's, two-dimensional NLSMs were extensively studied motivated 
by their similarity with the four- dimensional YM theory. Some of the NLSMs ex- 
hibit renormalizability, asymptotic freedom, 9 vacua and instanton solution. These 
analogies are not accidental in our view. Now this is understood as a consequence 
of dimensional reduction. The beta function in the two-dimensional 0(3) NLSM has 
been calculated by Polyakov |4^J. This should coincide with the beta function of 
four-dimensional SU(2)/U(1) MAG TFT. Now we will be able to understand why 
Migdal and Kadanoff approximate RG scheme |59| yields reasonably good results. 

It should be remarked that the dimensional reduction is possible also for the gauge 
fixing other than MAG. Such an example was proposed by Hata and Kugo which 



is called the pure gauge model (PGM). However, the choice of MAG as gauge-fixing 
condition is essential to prove quark confinement based on the non-trivial topological 
configuration, because MAG leads to the G/H NLSM by the dimensional reduction. 
The two-dimensional coset SU(N) /U{l) N ~ l NLSM can have soliton solution as sug- 
gested by 

Ti 2 (SU(N)/U(l) N - 1 ) = z N -\ (1.6) 

However, the two-dimensional NLSM obtained from PGM by dimensional reduction 
does not have any instanton solution, since 

U 2 (SU(N)) = 0. (1.7) 

Therefore the PGM loses a chance of proving quark confinement based on non-trivial 
topological configuration and more endeavor is needed to prove quark confinement 
based on the perturbative or non-perturbative treatment around the topologically 
trivial configuration |6l|, |62], |63|, ^4], |65| . Moreover, MAG has clear physical mean- 
ing which leads to the dual superconductor picture of QCD vacuum as shown in (T7| . 
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This is not the case in PGM. In fact, there is a claim |)8] that the criterion of Kugo 
and Ojima for color confinement 



56, 37 



is different from the Wilson criterion. 
It is possible to extend our treatment to arbitrary compact Lie group G along the 
same line as above, as long as the existence of instanton solution is guaranteed by the 
non-trivial homotopy group, H 2 (G/H) ^ 0. Though the dilute-gas approximation 
is sufficient to deduce the linear potential, it is better to compare this result with 
those obtained by other methods. For this purpose, it is worth performing the 1/N 
expansion to know the result especially for N > 2. The 0(N) and CP^" 1 models 
have been extensively studied so far [7(], [n], [72], |73|, [74], |75|, |76|, |77| . However, 
Sf/(A^)/f/(l) Af - 1 is isomorphic to 0(N + 1) or CP N ~ 1 only when N = 2, and the 
two-dimensional O(N) NLSM has no instanton solution for N > 3. To author's 
knowledge, the 1/N analysis of two-dimensional coset S'?7(iV)/?7(l) Ar_1 NLSM has 
not been worked out, probably due to the reason that S'[/(A/")/6 r (l) 7V ~ 1 is not a 



symmetric space as a Riemannian manifold 

It should be remarked that the resolution of quark confinement is not simply to 
show that the full gluon propagator behaves as 1/k 4 in the infrared region as k — ► 0. 
The correct picture of quark confinement must be able to explain the anisotropy 
(or directional dependence) caused by the existence of widely separated quark-anti- 
quark pair if we stand on the dual superconductivity scenario. This is necessary to 
deduce the QCD (hadron) string picture. Our proof of quark confinement is possible 
only when the two-dimensional plane on which a pair of quark and anti-quark exists 
is selected as a subspace of dimensional reduction. Hence this feature is desirable 
from the viewpoint of string picture. In fact, the effective Abelian gluon propagator 
obtained from the dual description in APEGT shows such an anisotropy \T7\ . 

The dimensional reduction of TFT opens a path for analyzing non-perturbative 
problems in four- dimensional YM theory based on various technologies developed for 
two-dimensional field theories, such as Bethe ansatz [46|, conformal field theory (CFT) 
5(J . They are intimately connected to the Wess-Zumino-Novikov-Witten model 
non- Abelian bosonization |H, | 



83], Chern-Simons the- 



, quantum spin model 
ory P|| , induced potential in the path integral [ 85 , |SB| and so on. The exact solubility 
is pulled up at the level of correlation function, not the field equation. This should be 



compared with the Hamiltonian reduction of YM self-duality equation [R7J . Further 



more, the APEGT obtained in MAG can have the same meaning as the low-energy 
effective theory of N=2 supersymmetric YM theory and QCD obtained by Seiberg 
and Witten M. This issue will be discussed in subsequent papers. 



2 Yang-Mills theory as a deformation of topologi- 
cal field theory 

First, we summarize the BRST formulation of YM theory in the manifestly covariant 
gauge and subsequently introduce the MAG. Next, we derive the TFT describing the 
magnetic monopole from the YM theory in MAG. The TFT is obtained from the 
gauge fixing part of the YM theory. Finally, the YM theory in MAG is reformulated 
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as a (perturbative) deformation of the TFT. 



2.1 Yang-Mills theory and gauge fixing 

We consider the Yang-Mills (YM) theory with a gauge group G = SU (N) on the D 
dimensional space-time described by the action (D > 2), 



Stat = Jd D x(C QCD [A,ij} + C GF ), (2.1) 
1 

2? 



Cq C d[A,iI>] := - T -itT G (F IJU ,r iu/ )+$(i>y' i V li [A] -m)ij>, (2.2) 



where 



N 2 -l 

^u(x) ■.= E rU x ) TA: = d *Mx)-d»M*)-i[Mx)>Mx)], (2-3) 

A=l 

V,[A] := 8,-iA,. (2.4) 

The gauge fixing term Cqf is specified below. We adopt the following convention. 
The generators T A (A = 1, • • • , A^ 2 — 1) of the Lie algebra Q of the gauge group G = 
SU(N) are taken to be hermitian satisfying [T A ,T B ] = if ABC T c and normalized as 
tr(T A T B ) = \8 AB . The generators in the adjoint representation are given by [T A ] BC = 
—if abc- We define the quadratic Casimir operator by C 2 (G)S AB = f ACD jbcd _ 
H be the maximal torus group of G and T a be the generators in the Lie algebra Q \ 7i 
of the coset G/H where Tt is the Lie algebra of H . 

For G = SU(2), T A = (l/2)a A (A = 1,2,3) with Pauli matrices a A and the 
structure constant is f ABC = e ABC . The indices a, b, ■ ■ ■ denote the off-diagonal parts 
of the matrix representation. The Cartan decomposition is given by 

M*) = E A A (x)T A := a,(x)T 3 + £ A^x)^. (2.5) 

A=l a=l 

Under the gauge transformation, the gauge field A^{x) transforms as 

A^x)^A u ^x) := U(x)A^x)U^x)+tU(x)d^(x). (2.6) 

This gauge degrees of freedom is fixed by the procedure of gauge fixing. A covariant 
choice is given by the Lorentz gauge, 

F[A] := d^A" = 0. (2.7) 

The procedure of gauge fixing must be done in such a way that the gauge fixing 
condition is preserved also for the gauge rotated field A^, i.e., Ff^l 17 ] = 0. This is 
guaranteed by the Faddeev-Popov (FP) ghost term. 

We formulate the theory based on the BRST formalism. In the BRST formalism, 
the gauge-fixing and FP part Cqf is specified by a functional G g f of the field variables 
through the relation, 

C GF :^-i5 B G gf [A^C,CAl (2.8) 
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where C,C are ghost, anti-ghost fields and <fi is the Lagrange multiplier field for in- 
corporating the gauge fixing condition. Here 5 b denotes the nilpotent BRST trans- 
formation, 

SbA^x) = V„C{x) := d„C{x) - i[Ap(x),C(x)], 

5 B C(x) = i-[C(x),C(x)], 

5bC(x) = i(j)(x), 
5 B 4>(x) = 0, 

6 B ip{x) = iC{x)ip(x). (2.9) 
The partition function of QCD is given by 

Zqcd[J] ■= J [dA„\ [dC] [dC] [d(f>] [#] [d$] exp {i(S tot + Sj)} , (2.10) 

where the source term is introduced as 

Sj ■= J d D x{ti[J^A^ + J C C + J 5 C + J^] + # + #}• (2.11) 

In the BRST formalism, both the gauge-fixing and the FP terms are automatically 
produced according to ( |2.8| ). The most familiar choice of G is 



G gf = tTg[C(d,A" + ^)]- (2.12) 



This yields 



Cgf := -t5 B G gf [A^CXA] = tr g [<l>d lt A' i + iC& u D lt [A]C + ^<j>' 2 ]. (2.13) 
2.2 MAG and singular configuration 



In the previous paper f[? |, we examined the maximal Abelian gauge (MAG) as an 



example of Abelian projection pOfl . For G=SU(2), MAG is given by 

F ± [A } a] := (<9 M ± ia^)A± = 0, (2.14) 

using the (±, 3) basis, 

± := {O 1 ±i0 2 )/V2. (2.15) 
The simplest choice of G g f for MAG in (±,3) basis is given by 

G gf = J2C T (F ± [A,a] + ^), (2.16) 

which is equivalently rewritten in the usual basis as 

G 9f = E C a (F a L4,a] + -<n (2.17) 

a=l,2 A 

F a [A,a] := (<W fe - e a6 V)A* := D^ajA^. (2.18) 

8 



The basic idea of Abelian projection proposed by 't Hooft p(J is to remove as many 
non-Abelian degrees of freedom as possible, by partially fixing the gauge in such a way 
that the maximal torus group H of the gauge group G remains unbroken. Under the 
Abelian projection, G = SU(N) gauge theory reduces to the H = [/(l) 7 ^ 1 Abelian 
gauge theory plus magnetic monopoles. Actually, the choice Q2.14Q for G = SU{2) 
is nothing but the condition of minimizing the functional TZ[A] for the gauge rotated 
off-diagonal gluon fields A, i.e., min^T^lyl^], 

K[A] :=\[ d D x[(Al(x)f + (Al(x)) 2 } = f d D xA+{x)A~{x). (2.19) 



2 

We can generalize the MAG to arbitrary group G as 

K[A) := J d D xtv gXH [-A l ,{x)A^x)}, (2.20) 

where the trace is taken over the Lie algebra Q\7i. Under the MAG, it is shown 



17) that integration of the off-diagonal gluon fields A^ G Q \ H in the SU(2) YM 
theory leads to the Abelian-projected effective gauge theory (APEGT) written in 
terms of the maximal Abelian U(l) gauge field a M , the dual U(l) gauge field 6 M and 
the magnetic (monopole) current 

In the gauge transformation (|2.6Q , the local gauge rotation U(x) is performed in 



such a way that the gauge rotated field A^(x) minimize the functional 1Z [A ] and 
hence satisfies the gauge-fixing condition fl2.14Q . We define the magnetic current by 

k,(x) := e^dTix), (2.21) 
f pa (x) := d p a u a {x)-d a a u p {x), (2.22) 

using the Abelian part (diagonal part) extracted as 

<(*):= tr[Tl<W]- (2-23) 

If the gauge field A^(x) is not singular, the first piece U(x)A tl (x)W(x) of A^(x) is 
non-singular and does not give rise to magnetic current. On the contrary, the second 
piece fl^(x), 

Q^x) := iU(x)d^(x) (2.24) 
does give the non- vanishing magnetic monopole current (see e.g. Jl7|]) for 



a, 



^(x):=^(x):=tr[T^(x)]. (2.25) 

According to Monte Carlo simulation on the lattice 0], the magnetic monopole part 
gives the most dominant contribution in various quantities characterizing the low- 
energy physics of QCD, e.g., string tension, chiral condensate, topological charge, 
etc. 

Therefore, it is expected that the most important degrees of freedom for the low- 
energy physics comes from the second piece fi^(x) of A^(x). Therefore, we decompose 
the YM theory into two pieces, i.e., the contribution from the part Q^x) and the 
remaining part. 
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2.3 Magnetic monopole in Non-Abelian gauge theory 

First we recall the calculation of the Abelian (diagonal) field strength in four-dimensional 
YM theory. We introduce three local field variables corresponding to the Euler angles 

(9(x),^(x), X (x)),(9e[0,7r}, i pe[0,27r},Xe[0M) (2-26) 
to write an element U(x) G SU(2) as 



U(x) = e i ^ x ) a 3/'i e ie(x)cT2/2 e iip{x)a ? ,/2 



3 4(¥>(a0+x(*)) COS ^ e -3(v(*)-x(*)) s i n 

. e W^)-x^)) S i n *M e -!(vW+x(z)) cos 



In the usual convention of perturbation theory, we take 



where C^ v is introduced in the previous paper [17 



which implies 



(2.27) 



Q^x) := -U(x)d^(x). (2.28) 



Note that the following identity |l7j holds for Q^, 

d„n v (x) - d v %{x) = ig[^{x)^ v {x)\ + -U{x)[d^d v ]U\x). (2.29) 
Then the diagonal part reads 

/£(*) ■= d^l{x) -djfyx) = Cf}{x) + *-(U(x)[d„d„)tf(x)f\ (2.30) 



eg? ;= (i 9 [n„ a,]) {3) = ge ab3 nffi = ^(n+n; - n;n+). (2.31) 

Using Euler angle expression for U, we obtain 



- ft M Q+) = \ sin 0(^0^ - 9^0), (2.32) 



C^ffi] = -sin0(d M 0^ - 0^0). (2.33) 



Now we show that Cjp denotes the monopole contribution to the diagonal field 
strength f^ u . Note that Cffl is generated from the off-diagonal gluon fields, tii, VL 2 . 

In four dimensions, the magnetic monopole charge is calculated from the magnetic 
current, 



k[i ^vfjivi fiw ' c^iivpcrf peri (2.34) 
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as 



SW=8Vl*) 11 ^ 



d 2 a^f%. (2.35) 



We can identity the first and second parts of right-hand-side (RHS) of ( |2.30| ) with the 



the magnetic monopole and the Dirac string part respectively contained in the TFT4 



theory and hence the YM4 theory |17fl • This is clearly seen by the explicit calculation 



using Euler angles, since we can rewrite ( |2.30|) as 

C = — sin 0(^0^ - d^dyB) + -([d^d^x + coseid^d^). (2.36) 

The magnetic monopole part is given by 

9m(V {3) ) = ^J^cfa^e^smeid^d^-d^dJ), (2.37) 

while the Dirac string part is 

9ds(V®) = ^ I ^Wfl^^k + cos^P^*). (2.38) 
Zg J s^ 2 ' 



The first definition ( |2.37| ) of g m gives the quantized magnetic charge []1~7| . The inte- 
grand is the Jacobian from S 2 to S 2 as will be shown in section 5 and 

II a (S77(2)/£7(l)) = n 2 (5 2 ) = Z. (2.39) 

Then (|2.37 ) gives the magnetic charge g m satisfying the Dirac quantization condition, 



2-K71 

g m = ——, gg m = 2im (n E Z). (2.40) 

In the second definition ( |2.38| ) of g m , if we choose x — ~ f using residual U(l) gauge 

invariance, then the Dirac string appears on the negative Z axis, i.e., 9 = it. In this 
case, the surface integral reduces to the line integral around the string, 

9ds{V {3) ) = — da^t^ pa [d p ,d a ]^{x) 

= "^/^j^wWW' ( 2 - 41 ) 

This gives the same result (p.38 ) but with the minus sign, in consistent with 

MU(1)) = Z. (2.42) 
Actually, two description are equivalent, as can be seen from 

U 2 (SU(2)/U(1)) = ^([/(l)). (2.43) 
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If the contribution from U{x)A ll {x)U^{x) is completely neglected, i.e., A^ix) 
ty^ar) = iU(x)d tl W{x), ( ^29|) implies 



^ v {x)= l -U{^d v ]U\xl (2.44) 



where the RHS is identified with the contribution from the Dirac string, see fL7 |. Note 
that the original YM theory does not have magnetic monopole solution. However, 
if we partially fix the gauge G/H = SU(2)/U(1) and retain the residual H = U(l) 
gauge, the theory can have singular configuration. This is a reason why the magnetic 
monopole appears in the YM theory which does not have Higgs field. The existence 
of Dirac string in the RHS of ( |2.44j ) reflects the fact that the field strength T^ix) 
does contain the magnetic monopole contribution. We have obtained a gauge theory 
with magnetic monopole starting from the YM theory. Therefore, MAG enables us 
to deduce the magnetic monopole without introducing the scalar field, in contrast to 



the 't Hooft-Polyakov monopole. See []T7[ for more details. 



2.4 TFT and its deformation 

Consequently, since the Dirac string does not contribute to the action, the topological 
non-trivial sector with magnetic monopole in YM theory is described by the gauge- 
fixing and FP ghost term alone (we forget the matter field for a while) , 

S TFT [n^ C, £,({>} = J d D xC T FT, Ctft := -i6 B G gf [^, C, C, </>]. (2.45) 

This theory describes the topological field theory for the magnetic monopole, which is 
called MAG TFT hereafter. If we restrict the gauge rotation U(x) to the regular one, 
fifj,(x) reduces to a pure gauge field J-Y v {x) = and hence the TFT is reduced to the 
topological trivial theory. This model is called the pure gauge model (PGM) which has 
been studied by Hata, Kugo, Niigata and Taniguchi |)T], ^2], R3J]. However, PGM 
has only unphysical gauge modes and does not have physical modes. We consider that 
the topological objects must give the main contribution to the low-energy physics. 
From this viewpoint, the PGM is not interesting in our view, since PGM can not 
contain the topological non-trivial configuration as will be shown in the following. 

In this paper, we take into account the topological non-trivial configuration in- 
volved in the theory ( |2.45| ) and extract the most important contribution in low-energy 



physics. We consider that the Vt^x) gives the most important dominant contribution 
and remaining contributions are treated as a perturbation around it. Whether this 
is efficient or not crucially depends on the choice of G g f. For this purpose, MAG is 
most appropriate as will be shown later. 

Our reformulation of YM theory proceeds as follows. First of all, we decompose 
the gauge field A^(x) into the non-perturbative piece fi^(x) (including topological 
non-trivial configuration) and the perturbative piece V (x)A ll (x)U' { (x) (including only 
the topological trivial configuration). Next, we treat the original YM theory as a 
perturbative deformation of the TFT written in terms of fl^x) alone. Using the 
normalization of the field in perturbation theory, the TFT is obtained from the YM 
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theory in the limit of vanishing coupling constant, g — > 0. If we absorb the coupling 
constant g into the gauge field, TFT does not have the coupling constant apparently. 

We expect that the TFT of describing the magnetic monopole gives the most 
dominant non-perturbative contributions in low-energy physics. In fact, the monopole 
dominance in low energy physics of QCD been confirmed by Monte Carlo simulations 
0. A similar attempt to formulate the YM theory as a deformation of the topological 



BF theory was done by Martellini et al. |L5|. The model is called the BF-YM 
theory. A similar attempt was also made by Izawa |14| for the PGM using the BF 
formulation in 3 dimensions. The topological BF theory includes the topological 
non-trivial configuration. The APEGT for BF-YM theory can be constructed, see 
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First, we regard the field A^ and ip as the gauge transformation of the fields 
and ^ (we use different character to avoid confusions), 

A^x) := U{x)V il {x)U\x)+^{x), %(x) := -U(x)d^U\x) (2.46) 
ip(x) := U(x)V(x), (2.47) 

where and ^ are identified with the perturbative parts in the topological trivial 
sector. 

Let [dU] be the invariant Haar measure on the group G. Using the gauge invariance 
of the FP determinant A [A] given by 

AH]" 1 := / [dU]l[6(d^~\x)), A[A] = A^" 1 ], (2.48) 



we can rewrite 
1 = 



J X 

A^n f[dU]l[8(d^-\x)) 

J X 

A[V] f[dU)l[S(d^(x)) 

J X 

[d 7 p 7 ][d/3]expji J d D x(ti g ((3d^ + t^V ll [Vh) 
[di\[dj][d0\exp\i / d D x[-t~8 B G gf (V„ 1 ^,(3)]\, (2.49) 



where 



G ff/ (V M ,7,7,/3):=tr ff ( 7 ^V M ). (2.50) 



Here we have introduced new ghost field 7, anti-ghost field 7 and the multiplier field 
j3 which are subject to a new BRST transformation 8 b, 

~8 B V,(x) = V,[V)j{x) :=^ 7 (a:)-^V^x),7(x)], 
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SbP(x) 



0, 



(2.51) 



Then the partition function is rewritten as 



J QCD 



[J] 



[dU] [dC] [dC] [d(j>] J [dV„\ [drj\ [dj] [dp] [dtf ] [dV] 
x exp {i J d D x[-i5 B G gf [n^ + UV^U\C,C, 0] 

+C Q cd[VM -fS B G gf (V^j,jJ)} + iSj}, (2.52) 



where 



S J = J d D x{tT S [J"(n tl + UV^W) + J C C + J 5 C + + fjU* + rfStf}. (2.53) 

The correlation functions of the original fundamental field A^ip,^) is obtained by 
differentiating Z[J] with respect to the source J^fj,?]. The integration over the 
fields (U, C, C, 4>) should be treated non-perturbatively. The perturbative expansion 
around the TFT means performing the integration over the new fields (V^, 7, 7, (3) 
after power-series expansions in the coupling constant g. 

Assume that a choice of G g f allows the separation of the variable in such a way 



iSbG^ + UV^X^C, 



-iS B G gf [%, C, C, <j>] + iV A M A [U) + -V A V*K AB [U\. 



(2.54) 



In the next section, we show that the MAG satisfies the condition (2.54) and obtain 
the explicit form for AA^ K,. Then, under the condition ( |2.54|) , the partition function 
is rewritten as 

Z QC d[J] ■= |[df/][dC][dC][d0]ex P {zS 

TFT & 1 <p\ 

+i J d D xtig[J^VL^ + J C C + J S C + J^} + iW[U; J M , fj, 77]}, (2.55) 

where VK[Z7; fj, 77] is the generating functional of the connected correlation function 
of V M in the perturbative sector given by 

JW[U;J»,fj,r)] ._ 



[dV„] [dry] [dj] [d/3] [<N] exp {iS pQCD [V M , 7, 7, P\ 
+i I d D x[V A J A + l -V A V B JC AB [U] + tr g (f}U* + rjW)] j(2.56) 



where 



jf : = (UU»U) A + iM A [U}. 
14 



(2.57) 



Here pQCD denotes the perturbative QCD (topological trivial sector) defined by the 
action S p q C d, 

S pQC d[V„^,7,1,P] := Jd D x{j^cD\y»*)-ihG af \yr,7,i,0\}. (2.58) 

The deformation WfCA; J M , fj, rj\ should be calculated according to the ordinary per- 
turbation theory in the coupling constant g. When there is no external source for 
quarks, we have 



iW[U;J»,0,0] ■= ln(exp{z J d D x[j^{x)V^ (x) + l -V*{x)V* (x)JC AB (x)} }) pQCD 
1 

x{J" M A (x) J v B {y) - 5 D (x - y)S lw JC AB [U\(x)} + 0(g 4 J 4 ). (2.59) 



-g' I d D x / d D y(V*(x)V B (y)y pQCD 



Therefore, W[U; J M , 0, 0] is expressed as a power series in the coupling constant g 
and goes to zero as g — > 0. It turns out that the QCD is reduced to the TFT in 
the vanishing limit of coupling constant. Thus QCD has been reformulated as a 
deformation of TFT. 



In a similar way, we can reformulate QED as a deformation of a TFT, see [88 



3 Maximal Abelian gauge and hidden supersym- 
metry 

The purpose of this section is to give some prerequisite which are necessary to un- 
derstand the dimensional reduction discussed in the next section. 

First of all, we give a special version of the MAG which leads to the dimensional 
reduction of the TFT part obtained from the YM theory in MAG. Using the BRST 
5b and anti-BRST 5b transformations, the action of the MAG TFT is written in the 
form, 

S TFT = J d D x5 B 5 B 0(x). (3.1) 

Second, we introduce the superfield formalism. The (D + 2)-dimensional super 
space X = (x M , 9, 9) is defined by introducing two Grassmannian coordinates 9, 9 in 
addition to the ordinary (bosonic) D-dimensional coordinates x M (/i = 1, • • • , D). We 
define the supersymmetry transformations and study the property of the superfield 
which is invariant under the supersymmetry transformation. 

Third, we give a geometrical meaning of the BRST and anti-BRST transforma- 
tions in the superspace. The gauge field Ap(x) is extended into a superfield A(X) as 
the connection one-form in the superspace. A merit of this formalism lies in a fact 
that we can give a geometrical meaning also to the FP ghost and anti-ghost fields; 
actually the FP ghost and anti-ghost fields can be identified as connection fields in 
the superspace. Furthermore, BRST transformation is rewritten as a geometrical con- 
dition, the horizontal condition. Consequently, the BRST transformation 5b (resp. 
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anti-BRST transformation 5 b) of the field variable coincides with the derivative ^ 
(resp. ) in the direction 9 (resp. 9). Taking into account that the differentiation is 
equivalent to the integration for the Grassmannian variable, we can write the MAG 
TFT in a manifestly supersymmetric covariant form, 

St ft = J d D x J d9 J d90{x,9,9), (3.2) 

where 0(x) is extended to the superfield 0(X) = 0(x, 9, 9) and 0(x, 9, 9) has 
OSp(D/2) invariant form. This implies the existence of the hidden supersymme- 
try in MAG TFT which is an origin of the dimensional reduction shown in the next 
section. 



3.1 Choice of MAG 

In the previous section, we considered the simplest MAG condition, ( 2.16Q which leads 
to 

C GF = (j) a F a {A,a] + ^{<p a f + iC a D^ ab [a}D b ^[a}C c 

-iC a [A^A lib - A c fl A liC 6 ab ]C b + iC a e ab3 F b [A, a]C 3 . (3.3) 
Note that we can take more general form for G g f |)2|, [17] , 

G Bf = Y,C T (F ± {A,a} + % ± ) + CC 3 C + C-+r ] Y / (±)C 3 C ± CT. (3.4) 
± A ± 

In what follows, we choose a specific form 

G' g f = E C*(F±[A, a] - 0±) - 2C 3 C + C-, (3.5) 
± 

which corresponds in ( |3.4| ) to 

a = -2, C = -2, V = 0. (3.6) 

Then the gauge fixing part Cqf = —i^sGgf has the additional contribution, 

C'gf = Cgf-CT,( ± ) c3cT( P ± -CC + C-C + C- 
± 

= C GF - C]T*e a63 C 3 CV - (C+C-C+C-. (3.7) 

The four-ghosts interaction term is generated. This is a general feature of non-linear 
gauge-fixing. Separating the (fi a dependent terms and integrating out the field (fi a , 

2 Such a term is necessary to rcnormalize the YM theory in MAG, since MAG is a non- 
linear gauge-fixing. This is reflected to a fact that the U(l) invariant four-ghosts interaction term 
C + C~C + C~ is produced through the expansion of IndetQ (see Ref. 0), 

(C a C b - C c C c S ab )(C b C a - C d C d S ba ) = -2C* 1 C 1 C* 2 C 2 = -2C + C~C + C-. (3.8) 
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we obtain 

Sgf 



d D x 



{F a [A, a] + J2 + Qie ab3 C 3 C b ) 2 + iC a D^ ab [a}D bc [a]C c 

2a 

-iC a (A a ^ b - A c ^ c 5 ab )C b + iC a e ab3 F b [A, a}C 3 
-C,C + £-C + C- + A a u J^ a 



(3.9) 



where we have included the source term, J^(f) a + J^A a ■ Thus the action is summarized 

as 



GF 



d D x 



^AlQf v Al + iC a D^[a]D cb [a]C 



+A a u [G a + -D» ab [a}J b + J" a 



a 



Q 



ab 
fjtu 



+—((e ab3 C 3 C b ) 2 - (C+C-C+C- 

jb^abZn^na 1 / ja\2 

-2ig 2 ({C a C b - C c C c 5 ab )5, v + -L>>] ac A,[e 

{- 

\ a 



1 cb 



1 )D^a} cb (e ab3 C 3 C a ), 



(3.10) 
(3.11) 
(3.12) 



where G c (x) = for the choice of (13 - 



An advantage of the choice ( |3.5|) is that G' * is written as the anti-BRST exact 
form, 

G' gf = 5 B Q(^) 2 + iCC*} = 5 B (a+A- + i £ C^C^j , (3.13) 
where 5b is the nilpotent anti-BRST transformation |l 



5 B A^(x) 
5 B C(x) 

SbC(x) 

8b4>(x) 
6 B i>{x) 
(x) + Six) 



V^C{x) := d^C{x)-i[A^{x),C{x)}, 
i(f)(x), 

i-[C(x),C(x)}, 
0, 

iC(x)ip(x), 
[C(x),C(x)}, 



(3.14) 



where <fi is defined in the last equation. The BRST and anti-BRST transformations 
have the following properties, f] 

(5 B ) 2 = 0, (5 B ) 2 = 0, {5 B , 5 b } := 5 B 5 B + 5 B 5 B = 0. 



3 The operation 5 b or 8 b on the product of two quantities is given by 

5{XY) = (5X)Y t X5Y, S = 5 B ,S B , 



(3.16) 
(3.15) 



where +(— ) sign is taken for a bosonic (fcrmionic) quantity X. 
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Hence, we obtain 

Cgf = iS B S B (~(A°) 2 + iC a C a ^ = i5 B 5 B (a+A~ +i J2C ± C^ , (3.17) 

which is invariant under the BRST and anti-BRST transformations, 

5 B C GF = = 5 B C GF . (3.18) 
Thus the MAG TFT action can be written as 

Stft = J d D x i5 B 5 B Q(f^)) 2 + iC a (x)C a (x)\ (3.19) 

= Jd D xi5 B 5 B (n+(x)n-(x) + iJ2c ± (x)c T (x)j (3.20) 

= J d D x i5 B 5 B trg- n (^(n^x)) 2 + iC{x)C{x)^ . (3.21) 

For our choice of MAG, we find for ( |2.54| ) 

M A [U] := 5 B 5 B [(UT A U^}, 

IC AB [U] := 6 B B B [(UT A tf) a (UT B tf) a ], (3.22) 

where we have used 

5bV^(x) = = 5 B V^(x). (3.23) 

The BRST and anti-BRST transformations for U are 

5 B U(x) =iC(x)U(x), 5 B U(x) = iC{x)U{x). (3.24) 

This reproduces the usual BRST and anti-BRST transformations of the gauge field 
% := iUdpW. 

3.2 Superspace formulation 

Now we explain the superspace formulation based on ]2S], |30], [TT], We 
introduce a (D+2)-dimensional superspace M. with coordinates 

X M ■= {x", 9,9) eM, xe R D , (3.25) 

where x^ denotes the coordinate of the .D- dimensional Euclidean space, 9 and 9 are 
ant i- Hermit ian Grassmann numbers satisfying 

9 2 = 0, 9 2 = 0, {9,9} := 99 + 99 = 0, 6* = -6, + = -0. (3.26) 

We define the inner product of two vectors by introducing the superspace (covari- 
ant) metric tensor tjmn with components, 

Vtiv = ^u, Vee = -V§6 = -2/7, others = 0. (3.27) 
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The contravariant metric tensor is defined by 7] MN 7]nl = 8j? . 
symmetric. We introduce the covariant supervector, 

•V \/ = 1 1 ux X N 

and the quadratic form 

X M X M = X M VMN X N = x 2 + (4/7)00. 



Note that t/mn is not 
(3.28) 

(3.29) 



Note that X M X M and X M X M are different, because the metric tensor is not sym- 
metric, 



X M X M ± X M X M = VMN X N X M = x 2 - (4/7)00. 
Integrations over and 8 are defined by 

J d6 = J dd = 0, J dd 8 = J dd 8 = i, 



(3.30) 



(3.31) 



or 



/ 



d6 d8 
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\ee) 







(3.32) 



Supersymmetry transformations are simply rotations in the superspace leaving 
invariant the quadratic form, 



VMN X™ X? = x?x% + (2/ 7 ) (^0 2 - 0!0 2 ). 



(3.33) 



This corresponds to the orthosymplectic supergroup OSp(D/2). It contains the rota- 
tion in R D , i.e., the D-dimensional orthogonal group 0(D) which leaves x 2 invariant 
and the symplectic group OSp(2) of transformations leaving 88 invariant. In addi- 
tion, OSp(D/2) includes transformations that mix the commuting and anticommuting 
variables, 



x r 



x 



of + 2d^8 + 2a"f 0, 



8 
8 



8':= 8 + 7 a%£, 

9> •- - 7 a%£, 



(3.34) 



where a, a are arbitrary D-vectors and £ is an anticommuting c-number (£ 2 = {£, 0} = 
{£, 0} = 0). We call this transformation r(a, a). 

Any object A M = (A^,A e ^A e ) which transforms like the supercoordinate under 
OSp(D/2) is defined to be a (contravariant) supervector. If Af 1 and A^f are two such 
supervectors, then the inner product 



A M A 



A^ 1 Ai M 



A^ + (2/ 7 )K^ + ^), 



(3.35) 
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is invariant under superrotations. We define the the partial derivatives to be covariant 
supervectors in superspace, 

^ :=( ^'I'M ):=( ^'^^- (3 - 36) 
Then the superLaplacian defined by 

d M d M := A ss = + -ydgdg, (3.37) 

is an invariant. 

Introducing a grading p(M) for each coordinate X M by 

p(fi)=0, p(e)=p(9) = l, (3.38) 

the coordinates obey the graded commutation relations, 

X M X N _ ( _ 1)P (M) P (7V) X 7V X M = Q (3 gg) 

Similarly, objects Fmn which transform like A^A^ are defined to be (contravariant) 
supertensors and F$ := F mn t]mn is invariant. The metric tensor defined above is 
a supertensor. The metric has another invariant called the supertrace in addition to 
the trace r] MN r] M N ) 

Btrfo) = (-1) P(M) ^. (3.40) 
We introduce the superfield $(x, 0, 0) by 

$(x,e,e) = $>o(x) + 0$ 1 (x) + 0<z> 2 (x) + 00® 3 (x) 

= %(x) + edo$ (x) + 0d s <f> o (x) + 00d e d s <Z> o (x), (3.41) 

where $j are complex-valued functions, $j : R D — > C(i = 0,1,2,3). It should be 
noted that all component fields $j transform according to the same representation of 
0(D). Hence, in this formulation of superspace, supersymmetry transformations mix 
fields obeying different statistics, but with identical spin. 
For any superfield $, the supertransformation r acts as 

(r(a,a)<S>)(x,0,0) = 0, 0) + [70%$! (a:) - ^x^ 2 {x)]i 

+[-2d l & Q {x)ar + 7 a%$ 3 (aO]0£ 
+ [-2^$ (a;)a^ + 7 a%$ 3 (z)]0£ 
+2[9 M $i(a;)a^ - d^ 2 (x)a^}00^ (3.42) 

If the superfield $ is invariant by r for all a,a £ R D , the term with f of the RHS of 
this equation must be zero for all a, a G i? D . Hence, 

$i(x) = = $ 2 (x), -<9 M $ (:r) = ^$ 3 (a:). (3.43) 

7 

This implies that ®o(x) is a function only of a; 2 := x^x^. Then we can write $o(x) = 
f(x 2 ) for a function / : [0, 00) — > C and $ 3 (x) = ^f'(x 2 ) 

Therefore, if the superfield 0{X) is super symmetric, then there exists a function 
/ : [0, 00) — > C such that 

9, 0) = f{x 2 ) + (4/ 7 )00/V) = /(^ 2 + (4/7)^). (3.44) 
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3.3 Geometric meaning of BRST transformation in super- 
space 

We define the connection one-form (superspace vector potential) A(X) and its cur- 
vature (superspace field strength) T{X) in the superspace, X M := {x^.9,9) 6 A4, 

A(X) := A M (X)dX M = A„(x,9,9)dx^ + C(x,9,9)d9 + C(x,9,9)d9, 

F(X) := dA(X) + ±[A(X),A{X)} = ~F NM (X)dX M dX N , 

A M (X) := Ai{X)T A , 

dX M := (dx^ } d9,d9) 1 (3.45) 

where d is the exterior differential in the superspace, 

d-.= d + 5 + 5 := —dx^—dO + ^de. (3.46) 
ox^ o9 o9 

These definitions are compatible when 

dx M dx N = -(-l)^ M ^dx N dx M , 
(x M ,d M )dx N = (-l)^ M ^dx N (x M ,d M ). (3.47) 

The supergauge transformation is given by 

A{X) -> A'(X) := U(X)A(X)U\X) + iU\X)dx M d M U(X), 

U(X) := exp[iuo A (X)T A ]. (3.48) 

In what follows, we show that the superfield A^X), C(X), C(X) are respectively 
identified with a generalization of A^x), C(x), C(x) into the superspace. First, we 
require that 

^(a;,0,0) = Ap(x), C(x,0,0) =C(x), C(x, 0, 0) = C(x), (3.49) 
and impose the horizontal condition |53] for any M, 

F Me {X) = F M - 6 {X) = 0, (3.50) 

which is equivalent to set 

F{X) = ^F tiV {X)dx tl dx v . (3.51) 

By solving the horizontal condition, the dependence of the superfield Am(x, 9, 9) on 
9, 9 is determined as follows. The horizontal condition is rewritten as 

(d + 5 + 5) {A 1 + C 1 + C 1 ) + ~ [A 1 +C 1 + C 1 ,A 1 +C 1 + C 1 ] 
= dA 1 + ^[A\A 1 ]. (3.52) 
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where we have defined the one-form, 

A 1 := Ap(x,9,d)daf, C 1 :=C(x,6,6)d9, C 1 := C(x,9,9)dB. (3.53) 
By comparing both sides of the equation ( |3.52| ), we obtain 

deA^X) = d£(X)-i[A^X),C{X)l 

d e C(X) = i±[C(X),C(X)}, 
d-eA^X) = d^C{X)-i[A^X),C{X)), 

d s C(X) = i±[C(X)AX)], 
d e C(X) + d s C(X) = -{C(X),C{X)}, (3.54) 

where we have used that d9d6 ^ and dd, 9 anticommute with C. For the components 
which can not be determined by the horizontal condition alone, we use the following 
identification, 

d e C{x, 0, 0) := i<j>(x), d B C(x, 0, 0) := i<j>(x). (3.55) 

This corresponds to Tqq = and gives 

i(f>(x) + i<p(x) + {C{x),C{x)} = 0. (3.56) 

From these results, it turns out that the derivatives in the direction of 9, 9 give 
respectively the BRST and the anti-BRST transformations, 

£ = £ = (3.57) 

where we define the derivative as the left derivative. This implies that the BRST and 
anti-BRST charges, Qb,Qb are the generators of the translations in the variables 
9,9. 

Thus the superfields are determined as 

A»(x,9,9) = A„(x) + 9V^C(x)+9V^C(x)+99(W^(x) + {V„C(x),C(x)}), 
C{x,9,9) = C(x)+9(~[C,C](x)) + 9i$(x)+99[i$(x),C(x)}, 

C{x,9,9) = C(x) + 9i(j)(x)+9(~[C,C}(x))+99[-i(j)(x),C(x)}. (3.58) 

The non-vanishing components of have 

Fp,(x, 9, 9) = T^vix) + 9[J 7 tlv (x), C{x)\ + ^[^(x), C{x)\ 

+99{i[T IMV {x), ( j>{x)] + [[F^(x),C(x)],C(x)\). (3.59) 

For the matter field <p(x), we define the superfield <f(X) and its covariant derivative 

by 

(p(X) := p(x) + 9p l (x)+9(p 2 (x) + 99<p 3 (x), (3.60) 
V[A](p(X) := (d + A(X))(p(X). (3.61) 
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The horizontal condition for the matter field is 

V M <j>{X)dX M = V lx ip(X)dx", (3.62) 

which implies 

V e if(X) = = Vgip(X)- (3.63) 

From this, we have for example 

¥>i(x,0,0) = d g <p(x,0,0) = -Ae(X)<p(X)\ e= o =0 = -C(x)<p(x) = 5 B <p(x). (3.64) 

Accordingly, all the field variables obey the relation, 

9, 9) = $(x) + 9(5 B $(x)) + 9(5bHx)) + 99(5 B 5 B $(x)). (3.65) 

Let $i(X) and ^(-X") be two superfields corresponding to 4>i(x) and faix), re- 
spectively It is easy to show that the following formula holds, 

$!(:r,M)$ 2 (:r,M) = M^)M^) + ^b(M^)M^) + ^b(M^)M^)) 

+M B 5 B {<t> l {x)<t>2{x)). (3.66) 

Thus, for any (elementary or composite) field 0(x), we can define the corresponding 
superfield 0(x, 9, 9) using BRST and anti-BRST transformation by 

0(x, 9, 9) = 0{x) + 95 b O{x) + 95 b O{x) + M b 5 b O{x). (3.67) 

In the superspace A4, the BRST and anti-BRST transformations correspond to the 
translation of 9 and 9 coordinates, respectively. 

For the Grassmann number, the integration / d9 (resp. / d6) is equivalent to the 
differentiation (resp. Jj). Hence the BRS 5 B and anti-BRST 5 B ) transformation 
has the following correspondence, 



d r .„ d 
5B ~d9* 



[d9, 5 B ^ <-> / d9. (3.68) 
J d9 J 

This implies 



/ 



d9d90(x,9,9) = -0 3 (x) = -—-.O(x,0,8) = -S b 6 b O(x) = 5 b 5 b O(x). (3.69) 



Therefore, if the Lagrangian (density) of the form 8 b 5 b O(x) is given for an operator 
O, the operator O can be extended into the superfield 0(x, 9, 9) in the superspace, 

J d D x5 B 5 B 0(x) = Jd D xJ d9d90(x,9,9). (3.70) 
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3.4 MAG TFT as a supersymmetric theory 

Especially, the operator 

0(x) := -itrg\ H (^(A^x)) 2 + iC(x)C(x)j , (3.71) 
has the corresponding superfield given by 



0{X) := —ti gXH {(A,(X)Y + 2iC{X)C{X)) , (3.72) 



where we have chosen 

1 % 
7 2" 

The superfield O(X) is written in OSp(D/2) invariant form, 



(3.73) 



O(X) = Y tr gKn (rj NM A M (X)A N (X)) . (3.74) 

Thus the action of MAG TFT can be written in the manifestly superspace covariant 
form, 

St ft = J d D x J d9d9^tr gXH (r] NM Q M (x, 6, 9)n N (x, 6, B)). (3.75) 

4 Dimensional reduction of Topological field the- 
ory 

After giving a basic knowledge for the dimensional reduction of Parisi and Sourlas 
in the supersymmetric model, we apply this mechanism to the MAG TFT. We show 
that the D-dimensional MAG TFT is reduced to the (D — 2)-dimensional coset G/H 
non-linear a model (NLSM). This implies that a class of correlation functions in the 
D-dimensional MAG TFT can be calculated in the equivalent (D — 2)-dimensional 
coset NLSM. 

4.1 Parisi and Sourlas dimensional reduction 

Now we split the D-dimensional Euclidean space into two subsets, 

x = (z, x) eR D , ze R D ~ 2 , x e R 2 . (4.1) 



The relation ( |3.44|) holds for any D. Hence, for supersymmetric operator O(X), we 
obtain 

0(x, 6, 9) = f(z, x 2 + (4/7)00) = f(z, x 2 ) + ^00^/(^, x 2 ). (4.2) 
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Therefore, for supersymmetric model, we find [] 

s GF = J d D x J de J deo{x, e, 



J d D - 2 z J d 2 x Jde Jde -ee-^f{ z ,x 2 

-if 

An 



7 

47T 

7 



d?- 2 zf(z,0) 

d D - 2 zO ((z,0),0,0), (4.3) 



where we have assumed f(z,oa) = Oq((z, oo), 0, 0) = and used the notation of 

(US). 



This shows the dimensional reduction by two units. The supersymmetric D- 
dimensional model is equivalent to a purely bosonic model in D — 2 dimensions. This 
fact was first discovered by Parisi and Sourlas (PS) f28|. 

The correlation function in supersymmetric theory are generated by the partition 
function in the presence of external sources, 

ZsUSY 

\j] ■= J [d$\ exp j- J d D xdede[c SUSY [<$>} - $(x, e, e)j(x, e, 0)] j , (4.4) 

where we write all the fields by $ collectively for the supersymmetric Lagrangian 
£susy[$\- Restricting the source to a D — 2 dimensional subspace, 

J{x, 9, 6) = J(z)5 2 (x)5(9)5(9), (4.5) 

and taking the derivatives of Zss[J] with respect to J(z), we obtain the correlation 
functions of the superspace theory which are restricted to the D — 2 dimensional 
subspace. These are identical to the correlation functions of the corresponding D — 2 
dimensional quantum theory, 

Zsusy[J] = Z D _ 2 [J], (4.6) 
where Zd-i\J\ is the generating functional for D — 2 dimensional theory, 

"47T 



-£ [$o] " %{z)J{z) 

7 



(4.7) 



Z D - 2 [J] := J [d$ ] exp | - J d D - 2 z 
4 An alternative derivation is as follows. By integration by parts, we find for D > 2 
J d D xf'(x 2 ) = S D j™ r D - l drf(r*) = -S D ^ J™ dr\r*) D ^ f {r*) = -tt J d D - 2 xf(x 2 ) 
where S D = 2tt d ^ 2 /T(D/2) is the area of the unit sphere in D-dimensional space. 
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When the PS dimensional reduction occurs, the three-way equivalence is known 
among (1) a field theory in a superspace of D commuting and 2 anticommuting 
dimensions, (2) the corresponding D — 2 dimensional quantum field theory, (3) the 
/^-dimensional classical stochastic theory, namely, the stochastic average of the D- 
dimensional classical theory in the presence of random external sources. The final 
point is not yet made clear in this paper. 



4.2 Dimensional reduction of TFT to NLSM 

The action ( |3.75 ) of TFT is manifestly invariant by all supertransformations. There- 
fore, the D-dimensional MAG TFT is dimensionally reduced to the (D— 2)-dimensional 
model in the sense of Parisi and Sourlas. From ( |3.75|) and (O), the equivalent (D— 2)- 
dimensional theory is given by 

Snlsm = 2vr J d D ~ 2 z tv g \ n [^S^(z)Q v (z)}, fi„(z) := -U{z)d lx U\z) (4.8) 



9 



9 

d D ~ 2 z lv g \ H [U{z)d lx U\z)U{z)d t "U\z)] 



= ^ f d D - 2 ztrg\ H [d^U{z)d^U\z)\. (4.9) 
9 J 

Thus the Z)-dimensional MAG TFT is reduced to the (D — 2)-dimensional G/H 
non-linear a model (NLSM) whose partition function is given by 



'NLSM 



J[dU]exp{-3 NLSM [U]}, (4.10) 



where we have dropped the ghost contribution iC{z)C{z). The correlation functions 
of the Z)-dimensional TFT coincide with the same correlation function calculated in 
the equivalent (D — 2)-dimensional NLSM if the arguments Xi are located on the 
(D — 2)-dimensional subspace, 

(J| Fi{Xi))GMAGTFT D = (U_^i(Xi)) G /HNLSA4 D _ 2 if X t G R D ~ 2 . (4.11) 

i i 

The propagator of NLSM£)_ 2 in momentum representation is obtained by taking 
P — Pe — Pe = i n the supersymmetric quantity, 

±-. J d D xd6d6 e^'^+^NMiQ^ix, 9, 6){l b N (0, 0, 0)) TFTd \ p=Ps=Ps=0 

d D-2 z e ip^ 6i3 ^( z )n<;(o))NLSM D _ 2 

= ^-5^ {[1 + u{pl)p?f - u(j%)8i\ , ( P i, Pj ,p k e R D - 2 ). (4.12) 
n { Pk J 

From OSp(D/2) invariance, we have 
2m J 

= -S ab {ll+u(p 2 L )}^-u(p 2 L )6 MN ), (4.13) 
^ I Pl J 
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where 



Pi 



pi + 2 w. 



Pk+P 2 + ZiPe 



(4.14) 



By setting M — [A, N — v and differentiating both sides of ( [4.13|) by d 2 /dpQdp§, we 
obtain the propagator in D-dimensional TFT, 



2m 



d D x e ip ^(n«(x)n b u (0)) D = 9 -8 ab {v(p)5, u + (<V ~ W>V)} , (4.15) 



where 



v (p 2 



1 + u(p 2 
p 2 



P 



Pi- 



(4.16) 



We compare (|4.15|) with (|4.12|) following [^0|. If the particle spectrum has a mass gap 
in D — 2 dimensions Q4.12j ), then the function v (p 2 ) is analytic around p 2 = and 
hence there is no massless particle at all in the channel = in D dimensions 

(EH)- 

The dimensional reduction says the equivalence of the correlation functions at 
special coordinates, x = 9 = 9 = or p = p e = p§ = 0. It should be remarked that 
the spectra of particles in the channel U(x) differ between D- and D — 2-dimensional 
models. It is worthwhile to remark that the PS dimensional reduction implies neither 
the equivalence of the state vector spaces nor the equivalence of the S matrices between 
the original model and the dimensionally reduced model. 

The existence of mass gap in two-dimensional 0(3) NLSM has been shown in 
[fj6|, |42]| . Therefore, the off-diagonal gluons A ^ = fi^(a = 1,2) in four- dimensional 
SU(2) MAG TFT have a non-zero mass, ^ 0. Although this was assumed in 
the previous study of APEGT of YM theory [0, it was supported by Monte Carlo 
simulation |[25|| . If we restrict the YM theory to the TFT part, the existence of non- 
zero gluon mass has been just proven. This will hold also in the full YM theory, since 
the perturbation is not sufficient to diminish this mass to yield the massless gluons. 



5 Non-linear a model, instanton and monopole 

In the previous section, we have shown that, thanks to the dimensional reduction, 
the calculation of correlation functions in TFT/) is reduced to that in the NLSM^_2- 
In what follows, we restrict our considerations to the SU(2) YM theory. In this 
section we study the correspondence between 0(3) NLSM 2 and SU(2) MAG TFT 4 , 
especially focusing on the topological non-trivial configurations. It is well known that 
the two-dimensional 0(3) NLSM has instanton solutions. We find that the instanton 
in two dimensions corresponds to the magnetic monopole in four dimensions. This 
correspondence is utilized to prove quark confinement in the next section. 

5.1 NLSM from TFT 

For concreteness, we consider the case of G = SU(2). The case of G = SU (N), N > 2 
will be separately discussed in the next section. 
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First of all, we define 

R^x) := iU\x)d lx U{x) = R A {x)T J 



-1 



d fl (p(x) + cos9(x)d^x( x ) ~ e %x ^ x \id^6{x) — sin 9(x)d^x( x ), 
^^^[id^O^x) + sm6(x)d ll x( x )} ~ [9^{ x ) + cos 9{x)d lx x{ x )\ 



I) 



and 



L,(x) := tU(x)d,U( X y = L A (x)T A 

1 / d^x{ x ) + cos 9{x)d lx ip{x) 

2 Ve^ x(x) [^(x) -sin0(x)d^(:r)] 



~[d^x( x ) + cos6»(a;)a M v?(a;)] 



,2) 



where we have used the Euler angles 9, <p, x and the fundamental representation, 



1 

1 



a 2 := 



-i 

1 



r 3 .. 







(5.3) 



,. /( ^ /( Hermitian, /I'j, = /.',,. = /.,,. 



Note that and are 

For later purposes, it is convenient to write various quantities in terms of Euler 
angle variables, 



L±( x ) 



LU X ) 



±i 



d»x( x ) + cos6(x)d ll ip(x), 



[d^9(x) Tisin9(x)d l ,ip(x)}, 



(5.4) 
(5.5) 



and 



Ll(x)Ll(x) + Ll(x)Ll(x) = 2L+(x)L;(x) 

= d^9(x)d^9(x) + sin 2 9(x)d^(p(x)d^(x) 
Ll(x)Ll(x) = [d llX ( x ) + cos9(x)dM x )} 2 - 



(5.6) 
(5.7) 



The 0(3) NLSM is defined by introducing a three-dimensional unit vector n(a;) 
on each point of space-time, n : R d — > S 2 (d :— D — 2), 



n(a;) : = 



n 2 (x) 
yn 3 (x) 



( sin6>(:r) cosip{x) 
sin#(x) sm.(p(x) 
\ cos9(x) 



(5.8) 



The direction of the unit vector in internal space is specified by two angles 9(x), (p(x) 
at each point x G R d . Note that 



nix) ■ nix) 



n(x) ■ d^x) 



3 

n A (x)n A (x) = 1, 

A=l 

0. 



Using 



df,n(x) : = 



I cos9(x) cosip{x)d^9{x) — sin #(2;) sin ip(x)d^ip(x) 
cos 9(x) sin Lp(x)d fJi 9(x) + sin 9(x) cos (p(x)d fi (p(x) 
V -sm9(x)d^9(x) 



(5.9) 
(5.10) 

(5.11) 
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wc 



findQ 



1 
1 



2<9 M n(x) • d^x) (5.14) 



^[(^(i)) 2 + sin^(x)(a^(x)) 2 ]. (5.15) 

Following the argument in the previous section, we conclude that the SU(2)/U(1) 
MAG TFT in D dimensions (TFT D ) is "equivalent" to 0(3) NLSM in D - 2 dimen- 
sions (NLSM^-2) with the action, 

Snlsm = J d D - 2 x^d^n(x) ■ d^n(x). (5.16) 

Both the action Q5.16D and the constraint (|5.9|) are invariant under global 0(3) ro- 
tation in internal space. The vector n is related to U through the adjoint orbit 
parameterization (see e.g. |86j for more rigorous mathematical presentation) as 

n A (x)T A = U^(x)T 3 U(x), n A (x) = ti[U(x)T A U ] (x)T 3 } (A = 1, 2, 3). (5.17) 

The residual U(l) invariance corresponds to a rotation about the vector n. In other 
words, n is a U(l) gauge-invariant quantity and the NLSM is a theory written in terms 
of gauge invariant quantity alone. In fact, under the transformation U — ► e t9TS U, n A 
is invariant. Then the U(l) part in the Haar measure is factored out. This can be 
seen as follows. 

In general, the action of NLSM is determined as follows. The infinitesimal distance 
in the group manifold SU(2)/U(1) = S 2 is given by 

ds 2 = g ab (<5>)d<S> a d<S> b = R 2 [{d6) 2 + sin 2 9 (dtp) 2 ). (5.18) 

This implies that the metric g ab and its determinant g are given by 

9ee = R 2 , 9 W = R 2 sin 2 9, g = det{g ab ) = R 4 sin 2 9. (5.19) 

Hence the corresponding action of NLSM is given by 

S= f d d xg ab {§{x))d^ a {x)d^ b {x), (5.20) 



5 It is easy to see that we can write an alternative form for the action, 

(n x <9 M n) ■ (n x d^n) = d^n ■ <9 M n, (5.12) 

where the explicit form is written as 

■ sin ip(x)d fl 6(x) — sin 9{x) cos 0(x) cos (p(x)d fl (p(x) 
n(x) x 9 M n(i) := | cos tp(x)d li 9(x) — suiO{x) cosO{x) aiix(p(x)d fi (p(x) |. (5.13) 

sin 2 9(x)d ll ip{x) 
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where coordinates x M , fi = l,---,d span a d- dimensional flat space-time and the 
fields <3> a (a = 1,2) are coordinates in two-dimensional Riemann manifold A4 called 
the target space. The symmetric matrix g a b{&) is the corresponding metric tensor. 
Indeed, this action (Lagrangian) agrees with ( |5.15|) for $ a = (8,ip). Consequently, 
the integration measure is given by 



djz($) := J] y Jg($(x))d$ 1 d&= J] R 2 sme(x)d9(x)dip(x). (5.21) 

x£R d x£R d 

This is the area element of two-dimensional sphere of radius R. Thus the partition 
function is defined by 

Znlsm ■= j [dfi(n)\ Yl S(n(x) ■ n(x) - 1) exp(-S NL SM), (5.22) 

xdR d 

dfi(n) = J] sin 6(x)d6{x)d(p(x). (5.23) 

x&R d 

The constraint ( |5.9| ) is removed by introducing the Lagrange multiplier field X(x) 

as 



Snlsm — I d D 2 x 



— <9„n(x) ■ dnii(x) + X(x)(n(x) ■ n(x) - 1) 
2g 2 



(5.24) 



For this action, the field equation is 

d^nix) + \{x)n{x) = 0. (5.25) 
Using the constraint and this field equation, we see 

\(x) = \(x)n(x) ■ n(x) = — n(x) • d^d^n^x). (5.26) 
Therefore A is eliminated from the field equation, 

d^d^n(x) - (n(x) ■ <9 M <9 M n(a;))n(:r) = 0. (5.27) 

5.2 Instanton solution 

Instantons are solutions of field equations with non-zero but finite action. For this, 
the field n(x) must satisfy 

<9 M n(x) ^ (r -> oo), (5.28) 

namely, n(x) approach the same value at infinity where is any unit vector in 
internal space, • n^ ^ = 1. 

It is important to remark that the coset SU(2)/U(1) is isomorphic to the two- 
dimensional surface S 2 (S n = SO{n + l)/SO{n)), 

SU{2)/U{1) = S 2 := Sf nt . (5.29) 
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Moreover, by one-point compactification (i.e., adding a point of infinity) two-dimensional 
plane can be converted into the two-dimensional sphere, 

R 2 U {00} S 2 = S 2 hy . (5.30) 

This implies that any finite action configuration n(x) is just a mapping from S 2 hy to 
Sf nt . The mapping can be classified by the homotopy theory. The 0(3) NLSM 2 has 
instanton and anti-instanton solutions, because the homotopy group is non-trivial, 

U 2 (SU(2)/U(1)) = U 2 (S 2 ) = Z. (5.31) 

The instanton (topological soliton) is characterized by the integer-valued topological 
charge Q. This is seen as follows. 
The mathematical identity 

d^n ■ d^n = gOV 1 =•= e w> n x d p n ) " ( d n n =•= e ^ n x ^ n ) =•= e ^ n " ("V 1 x d v n) (5.32) 
implies 

<9 M n ■ <9 M n > ±e M „n ■ (<9 M n x d v n). (5.33) 
Hence the action has a lower bound, 

/7T 47T^ 

d D - 2 a;— j d^{x) ■ d,n(x) > S Q := — \Q\, (5.34) 
9 

where Q is the Pontryagin index (winding number) defined by 

Q ■= — J d 2 xe^n ■ (d^n. x d v ii). (5.35) 

The Euclidean action Snlsm of NLSM is minimized when the inequality (|5.33|) is 
saturated. This happen if and only if 

<9 M n = ±e^n x d v n. (5.36) 



Any field configuration that satisfies ( |5.36| ) as well as the constraint ( |5.9| ) will minimize 
the action and therefore automatically satisfies the extremum condition given by the 
field equation Q5.27 ). The converse is not necessarily true. Note that Q5.36Q is a first- 



order differential equation and easier to solve than the field equation ( |5.27|) which is 
a second-order differential equation. 

Now we proceed to construct the topological charge. 

dfjia. x d u ii = sm9{d li ed v ip - d^ipd^n = sin9 ^ n, (5.37) 

where g^'^) i s the Jacobian of the transformation from coordinates (x^, x v ) on S 2 hy 
to Sf nt parameterized by (9, ip) where /1, v are any pair from 1, • • • , D. Using 

n • (<9 M n x d v n) = sm9(d„9d u tp - d^d v 9) = s i n g J%% , (5.38) 

o(x' 1 , x v ) 
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it is easy to see that Q is an integer, since 

phy 



Q :— — <p d xe av sin 9- , 

■pay \ 7 



. Q d{9,ip) 
4vr Js\ M d(x», x v ) 



phy 

1 



47T Jg 



amOdOdtp, (5.39) 



where Sf nt is a surface of a unit sphere with area An. Hence Q gives a number of 
times the internal sphere Sf nt is wrapped by a mapping from the physical space Sp hys 
to the space of fields Sf nt . 

The instanton equation (5.36|) can be rewritten as 



d%n = =p(n<9 2 n 3 — n 3 <9 2 n), <9 2 n = ±i(ndin 3 — n 3 din), n := n\ + m 2 . (5.40) 
By change of variables (stereographic projection from north pole), 

Wl(x):= r^M' W2{x) '= r^M' (5 - 41) 

the instanton equation reads 

= =Fi<9 2 w, w; := tUi + iw2- (5-42) 

This is equivalent to the Cauchy-Riemann equation, 

dwt(z) dw 2 dwi{z) dw 2 (z) . 

— ^ = ±-=— , — = =F— , 2;:=xi+2x 2 . (5.43) 

OXi OX 2 OX 2 OXi 

For the upper (resp. lower) signs, w is an analytic function of z* (resp. z). Any 
analytic function w(z), w(z*) is a solution of instanton equation and also of the field 
equation. Note that w is not an entire function and allows isolated poles in w(z), 
while cuts are prohibited by the single- valuedness of n a (x). The divergence w — ► 00 
corresponds to n 3 = 1, i.e., the north pole in Sf nt . The Euler angles are related to 
the new variables as 

9 . nx + m 2 ; 9 fr . . AS 

wi :— tan - cos<^, w 2 := tan - sin </?, w = — = e^cot-, (5.44) 

Z z 1 — 7Z3 2 

corresponding to the stereographic projection from the north pole. f] 

6 The stereographic projection from the south pole is 

9 nx + in 2 iw 6 , . 

w\ := cot — cos w, W2 := cot — sinw, w = =e SP tan — . (5.45) 

2 ' 2 1 + «3 2 
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By using the new variables, we obtain the expressions for the topological charge 



i r dwdw* i f dx\dx 2 ( dwdw* dw dw*\ 

Q= 2~HJs* (1 + ot*) 2 = 2^Js'^ (1 + \w\ 2 ) 2 \dx~ l ~dx 2 ~ ~ ~dx 2 ~dx[) ' ' K 10 ) 

and an action 

,, l n _ r dx\dx 2 ( dwdw* dw dw*\ „„. 
d 2 x-d^ ■ d^n = / - 1 2 + . 5.47 

A typical instanton solution with topological charge Q = n is given by 

w(z) = [(z - O )/P] n , (5.48) 

where the constants p and z is regarded as the size and location of the instanton 
solution. The theory has the translational and scale invariance (x — > x — a and x — > px 
respectively), since the solution exists for arbitrary p and z , but neither the action 
nor the topological charge depend on these constant. The parameters p, z Q are called 
collective coordinates. 



5.3 One instanton solution 

The one instanton solution at the origin zq = 0, 

w(z) = z/p, (5.49) 
implies the solution for the 0(3) vector, 

2 P x i 2 P X 2 \A 2 ~ P 2 I |2 2,2 f r zn\ 

|z| 2 + p 2 |z| 2 + p 2 |z| 2 + p 2 

This solution is regarded as representing a monopole or a projection of the four- 
dimensional instanton onto the two-dimensional plane in the following sense. First, 
we observe that the field of an instanton at infinity points in the positive 3 direction 
n*- - 1 while the field at the origin points in the opposite direction, 

|*| = -f n = (0,0,-1) = -n (0) , 
\z\ = p ->• n = (xi/p,x 2 /p, 0), 

\z\ = 00 -> n = (0,0,1) = n (0) . (5.51) 

If we identify the plane with the sphere S 2 by stereographic projection from north pole, 
the north (resp. south) pole of S 2 corresponds to the infinity point (resp. the origin) 
and equator to the circle \z\ = p. Therefore, one instanton solution Q5.49Q looks like a 
magnetic monopole (or a sea urchin). The winding number Q of this configuration is 
determined by the area of the sphere divided by 47r, i.e., Q — 1. Thus one instanton 
has winding number +1 (One anti-instanton has Q — — 1.). Equivalently, this denotes 
the magnetic charge g m — 1. 
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Alternative interpretation is possible as follows. The configuration ( |5.50| ) leads to 



4p 2 

n(z) • {din(z) x <9,n(z)) = - €ij (5.52) 

This should be compared with the four- dimensional instanton solution in the non- 
singular gauge, 



2x v 4p 2 

[%) — f]Afj,v 2 J ' "^"i ui/W = ~ 7 lA^u , 2 2^2 ' X = ^1 + ' ' ' + ^4! (5.53) 

which implies 



>Ai {z) — £ij | | 2 ^ 2 , .^(z) — %/|_|2 , 2^2> (5.54) 



where we have used 773^ = e&j = eij. Therefore, the instanton solution (|5.52|) in 2 
dimensions is equal to the projection of the field strength T\ 2 of the four- dimensional 
instanton solution (in the non-singular gauge) onto two-dimensional plane. So it is 
expected that there is an interplay between the instanton and the monopole in 4 di- 
mensions. However, this does not imply that the four-dimensional instanton configu- 
ration play the dominant role in the confinement. The degrees of freedom responsible 
for the confinement is the magnetic monopole which has complete correspondence 
with the two-dimensional instantons as shown in the next subsection furthermore. 

5.4 Instanton and magnetic monopole 

By dimensional reduction, we can convert the calculation of correlation functions in 
MAG TFTd into that in NLSM.d_2, if all the arguments sit on the D — 2 dimensional 
subspace. Euler angle expression yields 

n ■ (c^n x d v n) = C^Vt] = sin 0(^0(9^ - d^dyO). (5.55) 

Hence we obtain an alternative expression for the winding number, 

q ;= _L f d * z e c^n] = ±- ( d 2 a^c^[n}. (5.56) 

o7T J 47T J 

We can define the topological charge density by 

e^C^m = e^n ■ (0„n x d v n). (5.57) 



From (|2.30|) , fl2.37Q and ( |5.55|) , if we restrict //, v to the two dimensions, the monopole 



contribution in four dimension corresponds to the instanton contribution in two di- 
mension. However, the monopole current defined by the divergence of the dual field 
strength *j iW can not be calculated in the dimensionally reduced model, since all the 
derivatives is not necessarily contained in two-dimensional space. However, if the 
four-dimensional diagonal field strength is self-dual, 

*ffj, v = fpvi (5.58) 
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the monopole charge in 4 dimensions completely agrees with the winding number 
(instanton charge) in 2 dimensions 



9m = Q- (5.59) 

Intimate relationship between the magnetic monopole and instantons may be a reflec- 
tion of this observation. Intuitively speaking, the magnetic monople and anti-monople 
currents piercing the surface of the (planar) Wilson loop corresponds to the instanton 
and anti-instanton in the dimensionally reduced two-dimensional world. In order to 
derive the area law of the Wilson loop, the currents must piece the surface uniformly. 
In this sense, the monopole current condensation must occur in 4 dimensions. 

The dimensional reduction of TFT implies the self-duality at the level of correla- 
tion function, 

(F p *)tft 4 , (5.60) 

since both sides coincide with the same correlation function in the dimensionally 
reduced two-dimensional model. 
If we define 

K ■= --7^(nx^n) 3 = ---l-AV, (5.61) 
a p := A A n A + h p , (5.62) 
then we obtain the field strength, 

ffw ■= d,a v - d v a„ = d p (A A n A ) - d v (A A n A ) - -e ABC n A d^n B d v n c . (5.63) 

This field strength is regular everywhere and does not contain the Dirac string. This 
is nothing but the field strength of 't Hooft-Polyakov monopole, since n A is obtained 
from T 3 by gauge rotation ( pj|) , n A (x)T A = U\x)T z U(x). The Euler angle expres- 
sion 



g 1 =F cos 



is constructed from the instanton (vortex) solution in two dimensions by the stereo- 
graphic projection. 

The expression for the instanton charge in two-dimension is equivalent to the 
magnetic charge in 4 dimensions, because 

K„ := ^-e pup(7 e ABC d u n A d p n B d a n c 
= ^t pvpu t ABC d v [n A d p n B d a n c ) 

= —t pvpa d v [n ■ (d p n x d a n)}, (5.65) 

07T 
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we have 



g m := J d 3 xK := -|- J d 3 xe ijk di[n ■ (9,-n x <9 fc n)] 
= £~ / dWyfct 11 ■ (<9j n x <9 fc n)] 



— ^ rf 2 xe ifc [n • (0,-n x <9 fe n)] = Q. (5.66) 



/ 5 _- 

The magnetic current is topologically conserved d^K^ = without equation of mo- 
tion. 

We can also define the three-dimensional topological current, 

J„ = ^ pa e ABC (n A d p n B d a n c ) = -U^[n ■ (d p n x d a n)]. (5.67) 
Then Q is obtained from 

Q := J d 2 x.J . (5.68) 

This is related to Hopf invariant and Chern-Simons theory [[S9[| . The details will be 
presented in a forthcomming paper. 

6 Wilson loop and linear potential 

First of all, in order to see explicitly that the dimensionally reduced two-dimensional 
NLSM has U(l) gauge invariance (corresponding to the residual H symmetry), we 
study the CP 1 formulation of 0(3) NLSM. The CP 1 formulation shows gauge struc- 
ture more clearly than the 0(3) NLSM and helps us to see analogy of NLSM with the 
1+1 dimensional Abelian Higgs model, i.e., GL model. The CP N_1 model can have 
instanton solution for any N, whereas the 0(N) NLSM does not have for N > 3. For 
SU(N) YM theory in MAG, the dimensionally reduced ^(AOMl)^ 1 NLSM has 
instanton solutions for any N. The instanton solution of 0(3) NLSM 2 is identified as 
a vortex solution. 

Next, we give relationship among the CP 1 model, 0(3) NLSM and TFT. It turns 
out that the calculation of the Wilson loop in four- dimensional TFT is reduced to 
that in the two-dimensional CP 1 model owing to the dimensional reduction. 

In subsection 6.3, we show that summing up the contribution of instanton and 
anti-instanton configurations to the Wilson loop in NLSM 2 or CP 1 model leads to 
quark confinement in four- dimensional TFT and YM theory in the sense of area law 
of the Wilson loop. We emphasize that the coset G/H is quite important for the 
existence of instanton and that the coset structure is a consequence of the MAG 
together with the dimensional reduction. We find that the magnetic monopole in 
four dimensions corresponds to instanton (or vortex) in two dimensions. 

Finally, we discuss some extensions of the proof of quark confinement for the 
general gauge group and in higher dimensional cases. 
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6.1 CP N 1 model and instanton solution 

The CP N ~ l model is described by the N complex scalar field <fi a {x)(a = 1, • • • ,N) 
and the action of d — D — 2 dimensional CP^ -1 model is given by 

Scp[<P\ = ~ I d d x [d^*(x) ■ d^(x) + (<j>*(x) ■ d^{x)){<f>*{x) ■ d^{x))] , (6.1) 



2 

where there is a constraint. 

N 



(x) ■ 0(X) 



5>;(x)0 o (a;) = 1. (6.2) 



a=l 



By introducing an auxiliary vector field V^, CP model can be equivalently 
rewritten as 



S C p = ^ I d d x 



d^ix) ■ d^{x) + V 2 (x) - 2V tl {x){i<j)*{x) ■ d^{x)) . (6.3) 



In fact, integrating out field in flO|) recovers (|6.1|) . Here corresponds to the 
composite operator, 

V,(x)=t<j ) *(x)-d,<P(x). (6.4) 
This is real and <p*(x) ■ d^(j)(x) is pure imaginary, since from the constraint, 

<j>*{x) ■ d(f)(x) + d(j)*(x) ■ <j>{x) = 2Re((f)* ■ d<f>(x)) = 0. (6.5) 
Then, using the constraint ( |6.2|) , the CP N ~ l model can be further rewritten 

Scp[<P, V\ = il d d x(D,[VW(x)) ■ (Djy]</>(x)), (6.6) 



D^\V}<P(x) := {d^ + iV^ix). (6.7) 
The partition function is defined by 

Z CP := J] 6(<f>(x)-<f>(x)-l)eM-Scp[<f>,V}). (6.8) 

x€R d 

Here -D^V] is actually interpreted as the covariant derivative, because the Lagrangian 
is invariant under the U(l) gauge transformation, 

<f> a {x) -> (f> a {x)' :=<t> a {x)e iki - x \ 

V^x) -> ^(xy:=^(x)-^A(x), (6.9) 

where A is independent of the index a and 

D^ a (x) -> {D^ a {x))e^ x \ (6.10) 

By this property, this model is called the CP N_1 model (target space is the complex 
projective space). Note that 

cp n-i ^ u(N)/U(l)/U(N - 1) SU(N)/U(N - 1). (6.11) 



37 



The CP^ -1 model has global SU(N) symmetry and a U(l) subgroup of this SU(N) 
is a local gauge symmetry. Hence the CP^ -1 model is U(l) gauge theory for any N. 
However, is an auxiliary vector field and does not represent independent degrees 
of freedom, since the kinetic term is absent. Apart from this fact, the CP N ~ l model 
is similar to the Abelian Higgs model or scalar quantum electrodynamics (QED). It 
is known that the kinetic term of is generated through radiative correction, see 
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The constraint is included in the action by introducing the Lagrange multiplier 
field A as 

Scp = ^J d d x [(D„[V]<f>*(x)) ■ (D^Vj^x)) + \(x)(<j>*(x) ■ </>(*) - 1)] , (6.12) 
The field equation is 

D^VjD^Vj^x) + A(x)0(x) = 0. (6.13) 
The multiplier field is eliminated using 

X(x) = A(x)0*(x) • <j>(x) = -<f>\x) ■ D^VjD^VMx), (6.14) 

to yield 

D^V]D^V]<j>{x) - (0*(x) • P M [V]P M [V]0(x))0(x) = 0. (6.15) 

Instantons are finite action solutions of field equations. Finiteness of the action 
requires the boundary condition, 

D^a ■= + iV^(t) a -> as r := |x| -> oo. (6.16) 

Separating cf) a into the modulus and the angular part, 

<f> a {x) := \Mx)\e i@a{x) , (6.17) 

the boundary condition yields 

r -d^a .du\(f) a \ ~ , , 

= = t-y—, d^Oa. (6.18) 

<Pa \4>a\ 

Here must be real and independent of a. Hence, d^\(j) a \ = and <9 M a is indepen- 
dent of a. This means \4> a \ = 0o f° r a fixed complex vector with (0o)* " 0o — 1 an d 
O a = Q(<p) for a common phase angle Q(<p) which can depend on (p parameterizing 
a circle, -S^- Consequently, the boundary condition is given by 



v^-oefr), (6.19) 



where the allowed values of the phase G form a circle S\ nt . The mapping from S 1 
to S 1 is characterized by an winding number 

Q'=^~L d ^ (6- 2 °) 

27r J sl hy dip 
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which has an integral value corresponding to the fact, 

n^S 1 ) = Z. (6.21) 

Though the global SU(N) rotations can continuously change the value of 4> , this 
freedom does not introduce further homotopy classification. 

The winding number can be rewritten in terms of as follows. From ( |6.4|) , 

r dip r dip 

This leads to 



Vf= V'^^—TT- (6-22) 



phy phy 



where the integrand is a pure divergence. Using the constraint, we can show that this 
is rewritten as 

Q = J d'xe^D^YiD^). (6.24) 



From an identity 



(D^) ■ (D^) = -{D^ ± ie^D^Y ■ (D^ ± ie^Drf) =F ie^(D^y(D u <f>), (6.25) 



we obtain 

(D^) ■ (D^) > ^ie^D^fiD^). (6.26) 
Hence the lower bound of the action is obtained, 

Sep > ^\Q\ := S Q . (6.27) 
9 

The action has the minimum value when the inequality is saturated, 

D^ a = ±ie M „AA. (6.28) 

This is a self-duality equation which is analogous to the self-duality equation of YM 
theory. This equation is first order (partial differential) equation and easier to solve 
than the field equation. Solution of this equation automatically satisfies the field 
equation, but the converse is not necessarily true. 

To solve ( |6.28j ), we introduce the gauge invariant field, 

u a (x) := <j) a {x)/fc{x) (a= N). (6.29) 



The covariant derivative is eliminated by substituting (p a (x) = to a {x)(j)i{x) into ( 6.28 



d ll uj a (x) = ±ie liV d v u a . (6.30) 
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This is nothing but the Cauchy-Riemann equation. For the minus (resp. plus) sign, 
each uj a is an analytic function of z := x\ + 1x2 (resp. z* = X\ — ix<i). 
The expression for in terms of u is 

Cj:=uj/\ujI \uj\ := (cu* ■ uj) 1/2 = (6.31) 
Taking into account the Cauchy-Riemann relations, we obtain 

Vft = ±e ilv — = ±e ia ,d u la \u\. (6.32) 

The topological charge is expressed as 

Q = ~ 1 kJ d2xe ^ v » = ± hl d2xd A ln M 2 - ( 6 - 33 ) 

An example of one instanton solution is given by 

u{z) =u+[{z- z )/p}v, (6.34) 

where u, v are any pair of orthonormal complex vectors satisfying 

u\ — vx — 1, u* ■ u — v* ■ v — 1, u* • v — 0. (6.35) 

Here the constant p, Zq represent the size and location (in the z plane) of instanton. 
Reflecting the scale and translational invariance of the action, we can choose arbitrary 
values for p, zq. The solution (|6.34|) is inverted to become 

pUg +(Z~ Z )Vg 

Mz) = (pi + \z-z \^- (6 - 36) 

As z — > 00, this solution satisfies the boundary condition with a phase angle Q(ip) = 

4> a {z) -> (z/\z\)u = e*u. (6.37) 

Hence this solution leads to Q — 1, the single instanton. The anti-instanton is 
obtained by replacing z by z*, 

Using the solution (|6.34|) , the vector potential ( |6.32|) and its field strength reads 

Vp = ±6^ - * u \x\ 2 = xl + x 2 2 , (6.38) 

\x\ z + p A 

2p 2 

V^v ■= d^V u - d v Vp = Te^ n i? , — ™- ( 6 - 39 ) 

(\x\ z + p i y 

Note that tends to a pure U(l) gauge field configuration at infinity, 

Vu, -> ±eu vT J fi = da®, 6 := arctan — . (6.40) 
\xr X\ 
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Hence denotes the vortex with a center at x = 0. This is consistent with ( |6.23| ). 
This implies that the magnetic field of the magnetic current induces the (quantized) 
current around it on the plane perpendicular to the magnetic field. This is regarded 
as the dual of the usual Ampere law where the electric current induces the magnetic 
field around it, 

I = — I V = — £ dQ = n, V := V.dx^. (6.41) 
27r Jc 2n Jc 

In two dimensions the dual of the vector is again the vector. The two descriptions 
are dual to each other. 

The solution ( |6.39|) should be compared with the four-dimensional instanton solu- 



tion in the non-singular gauge ( |5.54| ). The instanton solution ( |6.39| ) in two dimensions 



are regarded as the projection of the four-dimensional counterparts Q5.54 ) on the two- 



dimensional plane. However, this does not imply that the four-dimensional instanton 
configuration play the dominant role in the confinement. The degrees of freedom 
responsible for the confinement is the magnetic monopole which has complete corre- 
spondence with the two-dimensional instantons. This has been shown in sections 5.2 
and 5.3. 

6.2 CP 1 model, 0(3) NLSM and TFT 

The CP 1 model is locally isomorphic to the 0(3) NLSM with the identification, 

n A (x) := \(j>* a {x){<j A ) ab (t> b {x) (a, b =1,2), (6.42) 
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or 



n 1 = Retflfa), n 2 = Imtytfa), n 3 = ^(l^ 2 - |0 2 | 2 ). (6.43) 

Actually, the constraint is satisfied, n A n A = (|0i| 2 + |02| 2 ) 2 — 1- Hence CP 1 model 
has three independent parameters, whereas 0(3) vector n has two. One of three pa- 
rameters in CP 1 model is unobservable, since a global change of the phase does not 
lead to any observable effect. In fact, n is invariant under the U(l) gauge transfor- 
mation. It is possible to show that the Lagrangian ( |6.1| ) for iV = 2 reduces to 0(3) 
NLSM. The CP N ~ 1 has instantons for arbitrary N >2, while O(N) NLSM does not 
have them for N > 3. The map from CP 1 model to 0(3) NLSM is identified with a 
Hopf map H : S 3 — > S 2 where S 3 denotes the unit three-sphere embedded in i? 4 by 
\4>i\ 2 + |0 2 | 2 = 1. In the language of mathematics, S 3 is a U(l) bundle over S 2 , see 
e.g. 



The field variables of CP 1 model is written in terms of Euler angles 
■ i , 9 r— r i, „ . 9 



i = V2^exp[-(^ + x)]cos-, 2 = V2£exp[--0-x)]sin-, (6.44) 
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which satisfies the constraint 0*0 a = 2S\ Indeed, substitution of ( |6.44j ) into 
leads to 

n 1 = 2Re(0i^2) = 2S'sin6'cosv9, 
n 2 = 2Im(0x02) = 25* sin 9 sin cp, 

n 3 = |0i| 2 - |0 2 | 2 = 2Scos6. (6.45) 

The is nothing but the Schwinger-Wigner representation of spin S operator in terms 
of two Bose creation and annihilation operators <p a . In the path integral formalism, 
they are not operators, but c-numbers. 
Substituting ( |6.44|) into (|6.4j ) yields 

V„{x) = i<j>\x) ■ d^(x) = -S[d^ X + caaedptp] = -SL^ (6.46) 

Hence, the vector field is equivalent to VP when \i is restricted to \i = 1, • • • , d. 
Furthermore, 

d^(x) ■ d^(x) = |[(Li) 2 + (I/ 2 ) 2 + (Ll)% (6.47) 

Owing to the dimensional reduction, the D- dimensional SU(2) MAG TFT is equiva- 
lent to the d(= D — 2)-dimensional CP 1 model, 



S C pi = \\d d x 



(Ll(x)f + (Ll(x)) 2 ] , (3:=j r (6.48) 



Consequently, when the Wilson loop has the support on the (D — 2)-dimensional 
subspace R d C R D , then the diagonal Wilson loop in D-dimensional SU(2) MAG 
TFT 

W c [a n ] := exp Uq j a^(z)dz^ , z G R d (6.49) 
oJ(x) := tr[T 3 ^(*)] = Z*{x), (6.50) 
corresponds to the Wilson loop in d{= D — 2)-dimensional CP 1 model, 

W C [V\ := exp (iq fv^dz^ = exp Jv^ v {z)da^ . (6.51) 
6.3 Area law for the diagonal Wilson loop 

Now we evaluate the Wilson loop expectation value to obtain the static potential for 
two widely separated charges ±q (in a 6 vacuum). We define the diagonal Wilson 
loop operator [|| for a closed loop C by 

W c [a u ] := exp (iq ji a%(x)daf) , a%(x) := tr[T 3 A^(x)]. (6.52) 

According to the Stokes theorem, this is equal to 

W c [a u ] = exp jf f^(x)da^ , (6.53) 
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for any surface S with a boundary C. We restrict the loop C to be planar. Other- 
wise, we can not receive any benefit of dimensional reduction to calculate the Wilson 
loop expectation. In what follows we calculate the contribution from f^, namely, 
topological contribution alone. Then the dimensional reduction implies 

(Wc[a n }) MAGTFT 4 = (Wc[a n }) 0{ 3)NLSM 2 , a%{x) := tr[T 3 ^(x)]. (6.54) 

Following the procedure in section 2, we regard other contributions as perturbative 
deformation W[U; J*, 0, 0], see ( ggg ). 



According to section 5.3 (or 6.2) for G = SU(2), the Wilson loop in two-dimensional 
0(3) NLSM is rewritten as 



W c [a n ] = exp (i^- [ d^-U^n ■ (^n x <9„n) j . (6.55) 

V 9 JS S7T J 



Note that the integrand is the density of instanton number as shown in the previous 
section. This implies that the Wilson loop Wcr[a ] ( p.55| ) counts the number of 



instanton - anti- instanton (or vortex-anti- vortex in CP 1 formulation) existing in the 
area S bounded by the loop C in 0(3) NLSM. The Wilson loop expectation value is 
written as 

(W c [a Vowlsm, - IMn)6{n . n _ 1)e -s NLSM+ ,o Q - 7p ( 6 - 56 ) 

where we have included the topological term iOQ. f\ Inclusion of topological term iOQ 
in the action is equivalent to consider the 9 vacuum defined by 

\0) : = e ine \n). (6.57) 

n=— oo 

The action with a topological angle 9 is written as 

4tt 2 

^ nlsm = Snlsm - i9Q = (n + + n_)Si - i9(n + - Si(g) = (6.58) 

We regard ( p. 56] ) as the average of the instanton number Q inside S over all the 
instanton-anti-instanton ensembles generated from the action of NLSM. 

In the following, we use the dilute instanton-gas approximation as a technique to 
calculate ( 6.56 ). This method is well known, see e.g. chapter 11 of Rajaraman [[58 



or 



Chapter 7 of Coleman ]57J . (We will give the Wilson loop calculation based on other 
methods elsewhere.) We first classify the configurations of the field, n, that contribute 
to the tunneling amplitude of instantons (n\e~ HT \0) according to the number of well- 
separated instantons n + and anti- instantons n_ such that Q = n = n + — n_. Then 
we sum over all configurations with n + instantons and n_ anti-instantons, all widely 
separated. In the dilute-gas approximation, the calculation of tunneling amplitude is 

7 Note that the non-zero 9 is not essential to show the area law of the Wilson loop in the following. 



We can put 9 — in the final results, (6.65) and (6.66) 



43 



reduced to that of a single instanton (resp. anti-instanton) contribution n — > n + 1 
(resp. n — >■ ri — 1). The term with n + = 1, n_ = (or n + = 0, n_ = 1) is given by 



In = ±l\e- HT 



|0) = J dp{p) J d 2 x exp(— Si(g)) exp(±i0) 

= BL 1 L 2 exp(-S 1 {g))exp(±i6). (6.59) 



Here T = L\ or L2 and the prefactor BL1L2 comes from integration of the collective 
coordinates, the size and position of the instanton, 

J dfjt(p) J d 2 x = BLiL 2 , B ~ 0(m 2 A ), (6.60) 

where L1L2 is the (finite but large) volume of two-dimensional space and B is a 
normalization constant of order m\, because instanton size is proportional to the 
inverse mass m~ A x of off-diagonal gluons. In order to know the precise form of B, we 



must determine the measure p(p) for the collective coordinate p, see |K| [JT], |92], [)3| |91] 



In the dilute-gas approximation, the denominator l\ is calculated as 



if := <0|e- flT |0) = J2 {BL l L 2 ) n+ ^ rn - + + _ 



00 1 1 
£ — -(B L 1 L2e~ Sl( - 9 ^ +ie ) n+ — -(BLiL 2 e~ 

explBL^e-^ 9 ^ 9 + BL^e" 3 ^-' 9 } 



Si(g)-i6»\n_ 



exp 



2(BL 1 L 2 ) cos 6e~ Sl{9) , (6.61) 



where there is no constraint on the integers n+ or n_, since we are summing over all 
Q = n+ — n_. The sum is precisely the grand partition function for a classical perfect 
gas (i.e. non-interacting particles) f\ containing two species of particles with equal 
chemical potential e~ Sl< ^ and volume measured in units of B. The energy (action) 
for a configuration with n + and n_ members of each species is (n+ + n_)Si(g) while 
the entropy of the configuration is ln[(BLiL2) n++n ~ /n+lri-l]. 

The configuration of instanton and anti-instanton is not an exact solution to the 
equation of motion. However, the dominant term is given by the configuration for 
which the free energy (energy minus entropy) is smallest. For large coupling the action 
of a given field configuration decreases like g~ 2 while the entropy which is obtained as 
the log of the volume of function space occupied by the configuration is less sensitive 
to g. Thus for moderate or strong coupling the entropy of a field configuration can be 
more important than its action. The exact multi-instanton solutions are of essentially 
no relevance in constructing the vacuum state because they have so little entropy. In 

8 By the fcrmionization method, the non-interacting instanton and anti-instanton system can be 
rewritten as the free massive fermion models with two flavors. From this viewpoint, including the 
interactions between instantons and anti-instantons is equivalent to introducing the four-fermion 
interaction of Thirring type p3] . By bosonization, the interacting fermionic model is converted into 
the sine- Gordon-like bosonic model ]94fl . The Wilson loop calculation from this point of view will 
be given in a forthcomming paper. 
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fact, the sum over all terms with either Ua 



or n_ equal to zero is exponentially small 
When g is small the instanton gas is 



compared to the complete sum for large T [p6 
extremely dilute. For larger g instantons and anti-instantons come closer together. 
When 9 = 0, the most dominant term in this sum is given for large T at 



n_ = BLiL 2 e 



Si(g) 



(6.62) 



and as T 

lessons learned from 



oo the entire sum comes essentially from this term alone. The important 
are (i) the dominant term contains both instantons and 



anti-instantons and cannot be computed by a strict saddle-point method that relies 
on exact solutions to the (Euclidean) equation of motion, (ii) the dominant term is 
not the one for which the classical action exp[— S] is minimum. 

The calculation of the numerator if reduces to the construction of a system in a 
9 vacuum outside the loop and that in a 9 + 2nq vacuum inside the loop. Let A{C) 
be the area enclosed by the loop C. In the dilute-gas approximation, the numerator 



is 



E 



(BA(C)) n 



- (n™ +n ! _™ )Si (g)+i(6+ ^ ) (n^ n -n l _ n ) 



n™,n™=0 



E 



n out out = Q 



(BjL^-AjC))) 



(n°"'+n°" l )Si (g)+ie(nT- t -n°y- t ) 



exp <^ 2B 



A{C) cos e 



2-aq 



+ (LiL 2 -A(C))cos# 



Si{g) 



. (6.63) 



Here we decomposed the sum inside the Wilson loop and outside it. The decomposi- 
tion n± = n± + n°± l is meaningful only when the loop C is sufficiently large and the 
instanton size is negligible compared with the size of the loop C so that the overlap- 
ping of the instanton and anti-instanton with the loop is neglected (This is equivalent 
to neglecting the perimeter decay part of the Wilson loop). Then we can write 



W c [a n ] = exp 



2nq 



(6.64) 



Finally we notice that the volume dependence disappears in the ratio The 



above derivation is very similar to the two-dimensional Abelian Higgs model, see [55 



In the vacuum with the topological angle 9, therefore, the Wilson loop expectation 
value has 



(W c [a n }) = exp{-2Be 



-Si 



cos 9 — cos 9 + 



2nq" 
9 , 



A(C) 



(6.65) 



The Wilson loop integral exhibits area law. If we take the rectangular Wilson loop, 
the static quark potential is derived. If q/g is an integer, the potential vanishes 
because the vacuum is periodic in 9 with period 2tc. The integral charge is screened 
by the formation of neutral bound states. When q is not an integral multiples of an 
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elementary charge g, the static quark potential V(R) is given by the linear potential 
with string tension a, 



V{R) =aR, a = 2Be 



-Si 



cos 9 — cos f 9 H 



(6.66) 



where B ~ m\ and S\ = 4n 2 /g 2 is the action for one instanton. It should be remarked 
that the confining potential is very much a non-perturbative quantum effect caused 
by instantons, because the linear potential has a factor e~ Sl ^ h (if we had retained U 
dependence) which is exponentially small in h and vanishes as h — > 0. This is a crucial 
difference between the linear potential ( 6.66| ) and the linear Coulomb potential in two 
dimensions. 

On the other hand, the four- dimensional Coulomb potential is calculated by per- 
turbation theory pi (see P7J), 



C a 2 

V(R) = 1?- + constant. (6.67) 

Ait R 

Therefore, we arrive at the conclusion that the total static quark potential in four- 
dimensional YM theory is given by 

C a 2 

V(R) = crR -— + constant. (6.68) 

47T R 



The two-dimensional 0(N+1) NLSM is asymptotic free and the (3 function [47 
given by 



is 



p {9) : = /jM = -Kz± g s + 0(g % (6.69) 



where g is the renormalized coupling constant and fi the renormalization scale (mass) 
parameter. By the dimensional transmutation as in QCD, the mass and the "string 
tension" of NLSM should be given by |42[ 

For the f3 function Q6.69Q , this implies for N = 2 

a~A 2 exp^-^, (6.71) 

in agreement essentially with the above result ( |6.66| ). In this case, the scale A of the 
theory is given by the off-diagonal gluon mass m^. This result does not agree with 
the four-dimensional SU(N) YM theory in which 



^) = -77^ 3 + °G? 5 )> 6 = ^>0, (6.72) 

W7T Z 
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because we have taken into account only the MAG TFT part of YM theory and 
neglected an additional contribution coming from the perturbative part (Note that 
the correspondence of SU(N) YM theory to 0(N+1) NLSM is meaningful only for 
N = 2). By integrating out the off-diagonal gluons in MAG TFT (|3.10|) , we can 
obtain the APEGT of MAG TFT, as performed for YM theory in the previous paper 
171. The APEGT of MAG TFT is given by the H = £7(1) gauge theory with the 



running coupling g(/z) governed by (3 function (|6.69|) 



S APEGT 



d x 



V(/i) 



J livj 



(6.73) 



where ghost interactions and higher derivative terms are neglected. 

The naive instanton calculus given above can be improved by including the cor- 
rection around the instanton solutions following the works 



95]. Although 



1, ESI 

we have identified the two-dimensional space with the sphere in the above, instanton 
solutions exist also for the torus |)7], |9£| and the cylinder p9| . However the torus 
only admits multi-instantons with topological charge two or more (no single-instanton 
solution). 



6.4 Importance of coset G/H 

In our approach, it is important to choose the coset G/H so that Ui(G/H) ^ 0, 
because for any compact connected Lie group G, 

n 2 (G) = 0, (6.74) 

where the two-dimensional NLSM model fails to contain the instanton. The MAG 
naturally leads to such a coset G/H NLSM. This is a reason why the PGM based on 
G can not contain non-trivial topological structure and dynamical degrees of freedom 
except for unphysical gauge modes, although the authors |60| tried to include the 
physical modes as perturbation of PGM. It is interesting to clarify the relationship 
between the Wilson criterion of quark confinement and color confinement criterion 



by Kugo and Ojima |66j and Nishijima ||67|| . This issue is deserved for future investi- 
gations. 

6.5 Generalization to SU(N) 

The above consideration can be generalized to more general case, G = SU(N). Using 

Ui(SU(N)) — 0, (6.75) 

we obtain 

U 2 (SU(N)/U(1) N - 1 ) = U^Uilf- 1 ) = Z N -\ (6.76) 

This formula guarantees the existence of the instanton and anti-instanton solution 
in the SUW/Uil)"- 1 NLSM 2 model obtained from SU(N) MAG TFT 4 by dimen- 
sional reduction. Therefore, the whole strategy adopted in this paper to prove the 
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quark confinement will be valid for SU(N) gauge theory in 4 dimensions. The ori- 
gin of instantons in the dimensionally reduced model is the monopole in the original 
model, as suggested by the mathematical formula ( |6.76| ). 

In order to study the case N = 3 in more detail, it will be efficient to perform the 
1/N expansion to the SUiN)/^!)^ 1 NLSM 2 model. 



6.6 Higher-dimensional cases 

Our strategy of proving quark confinement in D dimensions is based on the existence 
of instanton solutions in the dimensionally reduced (D — 2)-dimensional NLSM. This 
can be generalized to arbitrary dimension, D > 4. Remember the mathematical 
formula for the Homotopy group, 

U n (SU(2)/U(l)) = U n (S 2 ) (n := D — 2 > 2), (6.77) 

and 

n 3 (S 2 ) = Z(D = 5), 
MS 2 ) = Z 2 (D = 6), 

n 5 (S 2 ) = Z 2 (D = 7),.-.. (6.78) 

This opens a possibility of proving quark confinement based on instanton and anti- 
instantons even for D > 4 dimensions. 



6.7 Exact results in two dimensions 

The classical 0(3) NLSM in 1+1 dimensions is characterized by an infinite number 
of conserved quantities and by Backlund transformations for generating solutions. 
The quantized 0(3) NLSM is asymptotically free and the conserved quantities exist 
free of anomalies j|7). An exact factorised S-matrix has been constructed using the 
existence of the infinite conserved quantities |37 . 
It is known []5T| that the a model 

S = _L | <PxtT(d lt U- 1 d> t U) + kT(U), (6.79) 
with a Wess-Zumino (WZ) term, 

T(U) := ^- J t/ 3 xe a ^tr[L a L^ 7 ], := U^d^U, (6.80) 
becomes massless and possesses an infrared stable fixed point when 

A 2 = ^ (A; =1,2,.-.). (6.81) 

At these special values of k, the model ( |6.79| ) is called the level k Wess-Zumino- 
Novikov-Witten (WZNW) model. The familiar a model corresponds to k = case 
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where the theory is asymptotically free and massive. WZNW model is invariant 
under the conformal transformation and with respect to infinite-dimensional current 
(Kac-Moody) algebra. 

The a model with arbitrary coupling A can be solved exactly by means of the 
Bethe ansatz technique |fHj| . However, the computation of correlation function re- 



main beyond the powers of the Bethe ansatz method. Though the conformal field 
theory approach |79| is restricted to the fixed-point case, but it provides much more 



detailed information about the theory including the correlation functions [§0j . We can 
calculate exactly all correlation functions in rational conformal field theories which 
include the WZNW and minimal models as subsets. The off-critical theory can be 
considered as perturbation of conformal theories by a suitable relevant field. The 
perturbed field theory is called a deformation and corresponds to the renormaliza- 
tion group trajectory starting from the corresponding fixed point. The integrable 
deformation [£0| among all possible deformations gives the integrable perturbed field 
theory and the factorized scattering theory. 

The NLSM with a topological angle 9 is integrable at two particular points 9 = 
and 9 = tt || |39], [42]. At 9 = the correlation length is finite and all the excitations 



are massive. The spectrum consists of a single 0(3) triplet of massive particles with 
a non-perturbatively generated mass m ~ rQ 1 e~ 2n ^ 9 . On the other hand, at 9 = n 
the scale invariant behavior is observed in the IR limit, infinite correlation length. 
The large-distance asymptotics is described by the SU (2) x SU (2) WZNW theory at 
level k = 1. So the NLSM at 9 = tt can be considered as an interpolating trajectory 
ending up at the IR fixed point characterized by level 1 CFT. 

The three-dimensional Chern-Simons gauge theory is a topological field theory 
in the sense that the integrand of the action is a total derivative and it is generally 
covariant without any metric tensor. If we quantize CS theory and take a time slice, 
one dimension is lost, and the theory becomes a two-dimensional conformal field 
theory. The correlation function in CS theory are purely topological invariants and 
the correlation functions over Wilson lines gives invariant knot polynomial p4 |. The 
knot theory can describe all known rational conformal field theories. 

All the exact results in two dimensions mentioned above will be utilized to un- 
derstand more quantitatively the quark confinement in four-dimensional QCD by 
dimensional reduction. 



7 Discussion 

In this paper we have considered one of the most important problems in modern par- 
ticle physics: quark confinement in four-dimensional QCD. In order to prove quark 
confinement in QCD, we have suggested to use a TQFT which is extracted from the 
YM theory in the MAG. This TQFT describes the dynamics of magnetic monopole 
and anti-monopole in YM theory in MAG. We have proposed a reformulation of QCD 
in which QCD can be considered as a perturbative deformation of the TQFT. In other 
words, in this reformulation the non-perturbative dynamics of QCD is saturated by 
the TQFT we proposed, as far as the issue of quark confinement is concerned. Need- 
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less to say, additional non-perturbative dynamics responsible for quark confinement 
could possibly come from the self-interaction among the gluon fields reflecting the 
non-Abelian nature of the gauge group. However, additional non-perturbative con- 
tributions to quark confinement are expected to be rather small, if any. This claim is 
strongly supported by the recent numerical simulations [|4], |3| of lattice gauge theory 
with the maximal Abelian gauge fixing, since the magnetic monopole dominance as 
well as the Abelian dominance in low-energy physics of QCD has been observed in 
this gauge for various quantities including the string tension. 

The idea of reformulating the gauge theory as a deformation of a TQFT works 
also for the Abelian gauge theory |88|. In the Abelian case, on the other hand, there 



is no self-interaction for the gauge field. Hence, using the similar reformulation of 
Abelian gauge theory, we can prove the existence of the quark (fractional charge) 
confinement phase in the strong coupling region of the four- dimensional QED 



without worrying about the additional non-perturbative effect. This result implies 
the existence of non-Gaussian fixed point in QED. 

In this reformulation, the dimensional reduction occurs as a result of the su- 
persymmetry hidden in the TQFT. Hence the calculation of the Wilson loop in four- 
dimensional QCD is reduced to that in two-dimensional NLSM. It should be remarked 
that this equivalence between TQFT4 and NLSM2 is exact. 

In this paper we have used the instanton calculus to calculate the Wilson loop in 
two dimensions. We have shown that the area law of the Wilson loop is derived from 
the naive instanton calculus, i.e., dilute instanton-gas approximation. The improve- 



ment of the instanton calculus can be performed along the lines shown in p% , |93j |94 



The two-dimensional instanton (resp. anti-instanton) is considered as the intersection 
of the magnetic monopole (resp. anti-monopole) current with the two-dimensional 
space (plane). In other words, the area law behaviour of the Wilson loop average is 
understood in a simple geometrical manner, i.e., as summing up the higher linking 
numbers between loop and surface. This implies that the quark confinement in QCD 
is caused by condensation of magnetic monopole and anti-monopole (currents), to- 
gether with the previous result [IT]]. Therefore, these results support the scenario of 
quark confinement proposed by Nambu, 't Hooft and Mandelstam, i.e. dual super- 
conductor picture of QCD vacuum. 

Note that we have used the instanton calculus merely to see the correspondence be- 
tween the two-dimensional instanton and four- dimensional magnetic monopole (cur- 
rent), we need not to use the instanton calculus for exactly calculating the Wilson 
loop in two-dimensional NLSM. We can use other methods too, e.g. fermionization 
There is some hope to perform the calculation exactly, since the two-dimensional 



0(3) NLSM is exactly soluble f4|, [43 



Our formulation is also able to estimate the perturbative correction around the 
non-perturbative (topologically non-trivial) background without ad hoc assumption. 
As an example, the calculation of static potential is given in |27J where the perturba- 
tive Coulomb potential is reproduced in addition to the linear potential part coming 
from the TQFT. The relationship between the full non-Abelian Wilson loop and the 
diagonal Abelian Wilson loop can be given based on the non-Abelian Stokes theorem 
[p7| . Consequently, the paper |27j completes (together with the results of this paper) 
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the proof of area decay of the full non-Abelian Wilson loop within the reformulation 
of four-dimensional QCD as a perturbative deformation of the TQFT. 

The advantage of this reformulation is that one can in principle check whether 
this reformulation is reliable or not, since the calculations of the Wilson loop (and 
therefore string tension) are reduced to calculations in a two-dimensional NLSM. 
In fact, one can check by direct numerical simulation whether the string tension 
obtained from the diagonal Wilson loop in two-dimensional NLSM saturates that of 
full non-Abelian Wilson loop in four- dimensional QCD, as proposed in ||100|| . This 



is nothing but the test of Abelian dominance and magnetic monopole dominance 
through the dimensionally reduced two-dimensional model. Such simulations will 
prove or disprove the validity of the reformulation of QCD proposed in this paper. 
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